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This study investigates the primary atomization dynamics of a sinusoidal-disturbed liquid jet in a gaseous crossflow, focusing on perturbation frequencies spanning 0−1500 kHz (Strouhal number St=0−5). A high-fidelity numerical framework combining the Volume of Fluid (VOF) interface capturing method and octree-based adaptive mesh refinement is employed to resolve interfacial instabilities, vortex dynamics, and droplet formation mechanisms. For the undisturbed jet, Rayleigh-Taylor (RT) instability dominates surface wave formation, producing characteristic “Λ”-shaped structures and governing ligament/droplet shedding. Under forced perturbations, four distinct frequencies are systematically analyzed to elucidate modulation effects. Key findings reveal that low-frequency disturbances (St=0.22) induce periodic flapping, suppress RT-driven waves, and reduce breakup length remarkably, while frequency-matching RT instability (St=1) amplifies surface undulations, accelerating column disintegration. High-frequency perturbations (St≥2) exhibit rapid near-nozzle damping, restoring unperturbed breakup characteristics. Vorticity analysis identifies counter-rotating vortex pairs as critical drivers of interfacial destabilization, with perturbation frequency non-monotonically modulating annular vortex dynamics. Trajectory comparisons demonstrate breakup length minima at intermediate Strouhal numbers, linked to wavelength-dependent wave topology transitions. These insights establish a frequency-dependent mechanism for controlling jet atomization, offering direct applications for reducing combustion instabilities through targeted flow modulation in propulsion systems.
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INTRODUCTION
The atomization of liquid jets in crossflow (JICF) is a critical process widely employed in aerospace engineering applications, including aero-engine afterburner, ramjet combustor, agricultural spray, etc., which significantly enhances the primary atomization efficiency of the liquid jet [1]. The combustor’s combustion efficiency is intricately linked to jet breakup dynamics, as the droplet size distribution and spatial dispersion significantly influence flame stabilization and heat release patterns. Given this critical relationship, establishing predictive computational frameworks capable of resolving interfacial dynamics in multiphase flows remains critical for advancing mechanistic understanding of jet breakup phenomena, constituting a fundamental research priority in fluid dynamics [2].
Numerous experiments and numerical simulations have been conducted to investigate the breakup dynamics of undisturbed liquid jets in crossflow, with particular emphasis on the primary breakup process, vortex structure, jet trajectory and penetration, the mechanism of liquid ligaments and droplets formation, etc., [3]. For breakup mechanism, current understanding attributes the atomization phenomenon primarily to surface waves induced by aerodynamic force. Wu et al. [2] classified the primary breakup characteristics of a non-turbulent liquid jet in a crossflow into column and surface breakup based on gas Weber number Weg and liquid-to-gas momentum ratio q. Furthermore, based on Weg, the column breakup mechanism was further subdivided into four hierarchically organized sub-regimes: (i) enhanced capillary breakup, (ii) bag-type fragmentation, (iii) multimodal disintegration, and (iv) shear-driven atomization. Subsequent researchers have proposed alternative classification methods, such as Weg−(λc/dj) and Weg−(λs/dj) regime [4], Weg−Oh regime [5], though no universal classification standard has been established to date. Therefore, systematic investigation of jet breakup mechanisms and regime classification remains an unresolved scientific priority.
The breakup process exhibits a highly complex dependence on multiple factors, including nozzle geometry, fluid properties (e.g., density ratio, viscosity, and surface tension), and flow conditions [6, 7]. Conducted early investigations into the effects of the density ratio on the jet breakup process. This study investigated the atomization behavior of a liquid jet in crossflow at low density ratios (rρ=10, 100), revealing that lower density ratios are associated with: (i) reduced liquid core penetration rate, (ii) greater jet bending, and (iii) enhanced lateral expansion. A decrease in density ratio was also found to induce larger column wavelength and average droplet size, whereas the physical mechanism governing liquid fragmentation remained essentially unaltered. Li and Soteriou [8] investigated the impact of density ratio variation on jet breakup morphology through simultaneous adjustments of gas density and velocity while maintaining constant momentum flux ratio and Weber number. Li and Soteriou [9] systematically quantified the effects of high liquid viscosity (Oh=0.004−2) on multiple aspects including breakup dynamics, jet penetration depth and trajectory evolution, surface instability development, and droplet size distribution. Nejad and Schetz [10, 11] demonstrated that surface tension exerts negligible influence on jet penetration depth; however, liquids with reduced surface tension exhibited accelerated breakup processes accompanied by reduced droplet sizes.
The aforementioned published studies primarily concentrated on the atomization of undisturbed liquid jet in a uniform crossflow. However, in practical, the acoustic effects generated in unstable engine combustion could affect the fuel atomization process, which provides a feedback mechanism that may dampen or amplify the instability [12]. Therefore, external modulation of the jet, such as introducing pulsation, could serve as an effective strategy to enhance fuel mixing efficiency and reduce combustion instability.
Prior studies on pulsating liquid jets in crossflow configurations have primarily relied on experimental appraoches, with limited exploration through numerical simulations. Elshamy [13], Elshamy et al. [14] investigated the dynamic characteristics of transverse liquid jets in crossflow configurations through simultaneous Mie scattering visualization and particle image velocimetry (PIV), revealing that controlled mechanical excitation profoundly modulates three key processes: (i) fuel-air mixing dynamics, (ii) molecular diffusion mechanisms, and (iii) jet penetration trajectories. The penetration depth can be increased by over 40%, and an optimum excitation Strouhal number of about 0.0047 is obtained, at which a quasi-uniform spray distribution is achieved. Deepe et al. [15] developed a transfer function to characterize the downstream fuel distribution of the pulsating liquid jet through varying the injection frequency of the liquid jet. This function incorporates parameters such as crossflow velocity, mean momentum flux ratio, injection frequency, Weber number, and liquid viscosity. Lee et al. [16] studied the breakup process of a pulsating circular jet injected into a subsonic gaseous crossflow and observed that the imposed pulsation distinctly enhances liquid-gas interfacial mixing through periodic flow destabilization. As pulsation frequency increases, jet penetration depth decreases. Their study examined crossflow velocities ranging from 5 to 143 m/s, with the pulsation frequencies between 35.7 and 166.2 Hz. Furthermore, modulation of transverse gaseous flow velocity has also been investigated. Anderson et al. [17] modified the phase relationship of velocity fluctuations between the crossflow and the fuel to improve the uniformity of the spray field. Their findings demonstrated that potential combustion instabilities could be effectively mitigated by this active control approach. By employing techniques of two-dimensional Mie scattering imaging and laser line Mie scattering measurements, Bunce et al. [12] revealed that the jet penetration height exhibited similarity in both oscillatory and non-oscillatory crossflow. Under oscillatory crossflow condition, the spray displayed a periodic axial motion with a frequency twice that of the main pressure oscillation frequency, especially near the injector. Shaw et al. [18] investigated the atomization of water and Jet A fuel jets in a subsonic crossflow. Experiments were conducted at ambient pressure under two distinct thermal conditions (65 °C and 425 °C), with far-field droplet characteristics measured using PDPA.
The advancement of computational capabilities has enabled the increasing application of numerical simulation techniques to study pulsating liquid jets in crossflow. Zhu et al. [19] investigated the breakup process of a pulsating liquid jet in supersonic crossflow using the CLSVOF method combined with large eddy simulation, with the supersonic airflow modeled as a compressible fluid and the liquid jet as an incompressible fluid, including a gas Mach number of 2, a liquid steady-state velocity of 23 m/s, and sinusoidal pulsation frequencies ranging from 57.5 to 115 kHz. The results of their study showed that the liquid velocity pulsation led to different jet atomization patterns and accelerated the primary breakup process of the liquid jet. The pulsation frequency determined the wavelength of surface wave, and the breakup length of the pulsating jet was shorter than that of the non-pulsating jet, while the penetration depth was greater. Liu et al. [20] simulated the liquid jet in a supersonic crossflow based on the open-source software AMROC combined with an adaptive mesh refinement algorithm. They analyzed the effects of crossflow Mach numbers and liquid jet velocity pulsations, specifically examining a liquid jet velocity of 15.9 m/s, Mach numbers of 1.5 and 1.8, and a sinusoidal pulsation frequency of 100 kHz. They concluded that pulsation had little effect on penetration depth, but caused additional surface instability and promoted both column and surface breakup of the liquid jet. Although the VOF interface capturing method can precisely calculate the shape of the jet interface and its evolutionary process, it demands a very high grid resolution and a large computational cost, and is still not suitable for spray simulation in real engine combustion chambers. Given the high cost of fully resolving the near-field primary breakup and the downstream droplet characteristics, multi-scale hybrid modeling techniques, specifically the VOF - LPT/DPM coupling method, have been adopted in simulations of liquid jets in crossflow. The fundamental concept is to directly resolve the large-scale gas-liquid interface in the near-nozzle region using a VOF-based two-phase flow method, while in the downstream dilute region, droplets are converted into Lagrangian particles and tracked discretely based on geometric criteria. This approach has been implemented on the OpenFOAM platform by Heinrich et al. [21]. Based on a compressible VOF-LPT coupled solver with adaptive mesh refinement developed in OpenFOAM, Bhatia et al. [22] numerically investigate liquid jet in crossflow breakup under elevated pressures, and analyzed the effects of momentum flux ratio and Weber number on breakup mechanisms. They observed that breakup regimes are governed by different instabilities (Kelvin-Helmholtz and Rayleigh-Taylor) and identified a bifurcation phenomenon at low momentum ratios, attributed to the internal liquid boundary layer and three-dimensional flow field. Sun et al. employed a VOF-LPT coupling method within the Large Eddy Simulation (LES) framework to simulate the column breakup and atomization process of a liquid jet in crossflow, incorporating an interface sub-grid scale term. Their numerical results demonstrated that the inclusion of the liquid Weber number criterion enables an extension of the breakup regime map for JICF. Moreover, the sub-grid scale term was found to significantly influence both the initial evolution of the liquid jet and the droplet size distribution [23]. In their subsequent study, they introduced phase change at the gas-liquid interface and for discrete droplets, and validated the enhanced coupling algorithm using liquid jets in hot air crossflow [24].
Existing studies demonstrate that liquid jet velocity pulsation enhances surface instability, promotes breakup processes, and reduces jet breakup distance. However, its influence on jet penetration depth remains inconsistent across previous investigations. The present study aims to elucidate the interaction mechanisms between perturbed liquid jets and gaseous crossflow, thereby providing a methodology to control and suppress combustion instability growth. Specifically, we focus on the breakup process of liquid jets in crossflow subjected to sinusoidal perturbations at selected frequencies. In prior work, we systematically investigated streamwise forced disturbances affecting liquid ligament and droplet formation mechanisms in circular jets [25] and swirling liquid sheets [26]. Building on these findings, four representative disturbance frequencies were selected for numerical simulations.
The organization of this paper is as follows. Section Numerical Scheme and Setup provides the numerical scheme and physical parameters used in present study. In Section Atomization of Undisturbed Liquid Jet in Crossflow, the main characteristics of undisturbed liquid jet in a uniform gaseous flow are described, including breakup process, surface instability, and formation of ligaments and droplets. Section Atomization of Disturbed Liquid Jet in Crossflow mainly discuss the mechanisms of interaction between the disturbed jet and the transvers gaseous flow, as well as vortex structure, jet trajectory and formation of ligaments and droplets. Finally, important conclusions of present study are provided in Section Conclusion.
NUMERICAL SCHEME AND SETUP
Numerical Scheme
In this work, an open-source solver Gerris [27, 28], based on octree and multi-material interface capturing technique, is used to solve the incompressible unsteady Navier-Stokes Equations 1, 2. The solution process includes spatial discretization and time discretization.
∂ρu∂t+∇⋅ρuu=−∇p+∇⋅D+σκδsn,(1)
∂ρ∂t+∇⋅ρu=0,(2)
where u=(u,v,w) is the fluid velocity, ρ=ρ(x,t) is the fluid density, μ=μ(x,t) is the dynamic viscosity, p is the pressure, D is the viscous stress tensor, defined by Equation 3. δs is the Dirac distribution function (which means the surface tension is concentrated on the liquid-gas surface), σ is the surface tension coefficient, κ is the mean interface curvature, and n is the unit normal vector along the interface.
D=2μS−23μ∇⋅uI,S=12∇u+∇uT.(3)
For two-phase flow, the volume fraction α=α(x,t) of the first phase is introduced, then the density and viscosity are defined by Equation 4:
ρ=αρ1+1−αρ2,μ=αμ1+1−αμ2,(4)
where ρ1 and ρ2 denote the densities of the primary and secondary phases, respectively. μ1 and μ2 are the dynamic viscosities of the primary and secondary phases, respectively. The convection equation of volume fraction α(x,t) can be expressed as Equation 5:
∂α∂t+∇⋅αu=0.(5)
where the phase fraction α is defined as Equation 6:
αx,t=0phase1,0<α<1interface,1phase2(6)
The gas–liquid interface is tracked and reconstructed using the Volume of Fluid (VOF) interface capture method. The volume fraction equation is solved for each time step to determine the distribution of volume fractions in the flow field, and then reconstruct the interface information and obtain the flow flux of the grid cells near the interface. The piecewise-linear geometrical Volume-of-Fluid scheme is used for reconstruction [29]. This method achieves second-order accuracy, does not require special treatment of phenomena such as interface breakup and fusion, and effectively captures sharp interface with high precision.
The convection term and diffusion term are discretized by Bell–Colella–Glaz second-order upwind scheme [30] and Crank–Nichoslon scheme [31], respectively.
Moreover, space is discretized by hierarchical quadtree partitioning (octree in 3D) in Gerris. Since jet atomization is a multi-scale physical process, employing a uniform mesh across the entire calculation domain would incur prohibitively high computational costs. Therefore, the Adaptive Mesh Refinement (AMR) method is adopted in the present study to maintain accuracy while minimizing computational cost. By applying interface and vorticity as criteria, the grid is dynamically refined near the interface at each time step, thus ensuring precise tracking of interface deformation.
The accuracy of the numerical method used in this study has been validated in our previous work on swirling liquid sheet [26]. The breakup process of an infinite liquid jet subjected to a small initial disturbance was simulated. The numerical results are in good agreement with the Rayleigh linearized theoretical solution, confirming the model’s ability to capture the instability and breakup dynamics of jets.
Numerical Setup
The physical configuration of the base case consists of a liquid diesel fuel stream injected through a circular orifice with diameter D=100 μm into a gaseous crossflow environment. The properties of diesel fuel and the gas are summarized in Table 1. The crossflow velocity matches the liquid jet velocity at Ug=Ul=30 m/s. As shown in Figure 1, the dimensions of the computational domain is 40D×20D×10D. The gaseous flow direction aligns with the positive x axis, while the liquid circular jet propagates along −y. A velocity boundary condition is applied to both the gas inlet (left side) and the liquid inlet (upper side), with an outlet boundary condition applied to the right side and symmetric boundary conditions applied to the remaining three boundaries.
TABLE 1 | Liquid/gas properties and flow parameters.	Phase	U(m/s)	ρ(kg/m3)	μ(Pa⋅ s)	σ(N/m)	D(μm)
	Liquid	30	848	2.87×10−3	3.0×10−2	100
	Gas	30	34.5	1.97×10−5	—	—


[image: Diagram of a rectangular domain labeled with dimensions 40D in length, 20D in height, and 10D in width showing a green liquid introduced from the top left corner and a gas entering horizontally from the left, with axes X, Y, and Z indicated.]FIGURE 1 | Illustration of calculation domain for liquid jet in the crossflow.To simplify the model and concentrate on the influence of pulsation at the nozzle exit, both gasoues and liquid flow are considered as uniform flows. If turbulence is taken into account, there might exist a coupling or competitive relationship between the disturbance frequency and the turbulent pulsation, which would complicate the causal relationship in the subsequent analysis. In the research conducted by Shinjo and Umemura [32], the inlet velocity was also set as a uniform distribution, and other nozzle interference factors such as turbulence were ignored to establish a clear causal relationship in the analysis. Therefore, for the same reason, an idealized nozzle configuration is adopted in this study.
Effect of mesh Resolution and Domain Size
Figure 2 shows the mesh resolution employed in the present study. By appling the interface-basded and vorticity-based refinement criteria, the grid is dynamically refined both at the gas-liquid interface and in regions of high vorticity. In the present study, the minimum grid size used in the calculation is 2 μm [25]. investigated the streamwise forcing effects on the liquid circular jet using a minimum grid size of 2 μm, closely matching the present mesh resolution. Yang and Turan [33] demonstrated that a grid resolution with a minimum scale of 2 μm adequately resolves ligament structures, droplets, and the jet breakup process through comprehensive quantitative and qualitative validation. Given the identical grid resolution adopted in our study, the reliability of the present results is thereby confirmed. In present study, the simulated jet structures and mean jet diameter obtained with the 2 μm minimum grid size demonstrate strong agreement with the existing results in the literature. Additionally, simulations using a coarser grid with a minimum scale of 4 μm were also conducted, and the results were compared in Figure 3. From the transient gas-liquid interface profiles and jet trajectories, it is evident that although the jet trajectories achieved with these two grids align closely, the coarse grid fails to accurately resolve surface waves and column breakup effectively. Thus, the 2 μm minimum grid scale adopted in this work better resolves the breakup process.
[image: Computer-generated visualization showing a fluid dynamics simulation of liquid splashing within a rectangular grid mesh. The lower section provides a magnified inset of a selected region, highlighting detailed fluid shapes and grid structure.]FIGURE 2 | Mesh resolution in present simulation.[image: Panel A contains a flow visualization showing black and green contours and dots, with a zoomed-in section highlighting differences upfront. Panel B presents a line graph comparing “Present Grid 2 micrometers” in black and “Coarse Grid 4 micrometers” in green, plotting y divided by D versus x divided by D, with both lines following a similar curve.]FIGURE 3 | The effect of grid size, the black line presents grid size in present setup, and the green line presents the coarse grid. (A) Gas-liquid interface profile, t=100μs. (B) Jet trajectory.Building upon the grid independence verification, the authors further examine how domain boundaries affect flow characteristics. To investigate the effect of domain size, we conducted additional simulations with an extended computational domain (50D×20D×10D) and compare these results with the baseline case, and the distance between the gas inlet and the center of the circular jet was increased from 5D to 15D. Figure 4 shows the comparison between the two simulation cases. Based on the gas-liquid profiles in Figures 4A,B, the liquid core and large-scale structures closely match. In Figure 4B, where the liquid trajectories are compared, the two curves coincide with each other very well. These results demonstrate that the important characteristics of the liquid jet remain unaffected by changing the domain size. Consequently, to avoid excessive computational expense in subsequent simulations, we adopt the smaller domain configuration where the crossflow inlet is positioned 5D from the jet centerline.
[image: Panel A displays black and red contour lines showing scattered data points and irregular shapes, while panel B is a line graph comparing y divided by D versus x divided by D, with black and red lines labeled small domain and large domain, respectively.]FIGURE 4 | The effect of domain size, the black line presents domain size in present setup, and the red line presents the large computational domain. (A) Gas-liquid interface profile, t=100μs. (B) Jet trajectory.ATOMIZATION OF UNDISTURBED LIQUID JET IN CROSSFLOW
Overall Structure
In the present study, the key dimensionless parameters are defined and given as follows: the liquid Weber number Wel=ρlDUl2σ=2544; the gas Weber number Weg=ρgDUg2σ=103.5; the liquid-gas momentum flux ratio q=ρlUl2ρgUg2=24.58; and the Ohnesorge number Oh=μl(ρlDσ)1/2=0.0569. According to the primary breakup regime classification proposed by Wu et al. [2], the operating condition in present study lies within the vicinity of the multi-mode and shear breakup transition. It should be noted that previous literature has proposed various classification maps for primary breakup regimes [3]. Wu et al. [2] utilized Weg−q parameter space for classification, while Mazallon et al. [4] employs Weg−Oh as criteria. However, there are currently no universally accepted standard classification criteria, and further research is required to establish consensus.
First, we simulated the undisturbed liquid jet in crossflow, as illustrated in Figure 5. The characteristic breakup process of JICF [2] can be clearly identified. The left column of Figure 5 shows the liquid-gas interface through a contour corresponding to a liquid volume fraction of 0.5, where color mapping indicates axial velocity. Figure 5 reveals that the axial velocity of the liquid column progressively diminishes with increasing distance from the nozzle, while surface breakup phenomena emerge due to crossflow-induced shear effects. Further, the leeward vortex of the liquid jet redirects droplet velocities towards the +y direction. The right column of Figure 5, representing the gas-liquid interface at z=0, demonstrates both column breakup and a large number of ligaments and droplets.
[image: Simulation visualization showing liquid atomization: the left panel is a colored velocity gradient map with labeled areas for surface breakup and a color bar, while the right panel is a schematic highlighting column breakup, ligaments, and droplets.]FIGURE 5 | Typical breakup process of undisturbed liquid jet in a gaseous crossflow (time = 96 μs, the color indicates the axial velocity in m/s).The temporal evolution of a jet in crossflow is illustrated in Figure 6, which reveals clear evidence of both surface and column breakup phenomena. Following injection from the nozzle, the jet’s leading edge deforms into a mushroom-like structure due to crossflow impingement. Under sustained aerodynamic loading from the gaseous crossflow, the liquid jet core undergoes progressive flattening and curvature development, exhibiting pronounced bending alignment with the crossflow direction. Figure 7 provides a systematic analysis of cross-sectional deformation dynamics. As the liquid jet propagates downstream, its transverse dimension (along the z-direction) demonstrates progressive expansion, while the cross-sectional geometry gradually transitions from circular to crescent morphology. This geometric transformation enhances windward surface exposure to transverse flow, thereby amplifying aerodynamic drag and accelerating liquid column bending. The interaction between high-speed gas flow shear stresses at lateral edges and vortex-induced coiling mechanisms leads to progressive thinning of the liquid film at the periphery. This thinning process culminates in subsequent shedding of ligaments and droplets. Further downstream, the crescent-shaped liquid core gradually reverts to an irregular geometry through dynamic restructuring. A distinctive transverse edge develops on the deformed liquid core, from which secondary ligament and droplet shedding occurs under sustained gas flow shear–a process bearing mechanistic resemblance to secondary droplet breakup phenomena.
[image: Scientific visualization showing a sequence of fluid dynamics simulations over time, with color gradients representing velocity values from blue to red. The top row displays early stages of fluid breakup, while the bottom row illustrates progressive fragmentation and dispersion, with timestamps increasing from left to right. A color legend and coordinate system are included for reference.]FIGURE 6 | Time evolution of undisturbed liquid jet in a gaseous crossflow (the color indicates the axial velocity in m/s).[image: Line drawing sequence showing a shape transforming from a circle at left to an increasingly distorted, irregular form at right, with a small XYZ coordinate axis in the top right corner.]FIGURE 7 | Top view of the deformation of the liquid jet column at various heights from the injector, with intervals of 0.5D (time = 96 μs).It should be emphasized that under the coupled transverse-axial gas flow effects, bag breakup occurs near the liquid jet tip. To clarify this mechanism, Figure 8 displays the temporal evolution of bag breakup phenomena, with critical stages marked by red arrows. The elevated stagnation pressure on the windward side of the flattened liquid column induces bag formation at its downstream center, where the bag progressively enlarges in the transverse gas flow direction. As shown in Figure 8, when approaching maximum expansion, the liquid bag detaches from the column apex through a detachment process analogous to droplet bag breakup. However, according to breakup regime classifications established in existing literature, the dimensionless numbers in the present study deviate from those characterizing conventional bag breakup. Our simulation results demonstrate that local breakup patterns depend not only on the initial global field but also exhibit significant coupling with local flow conditions. Consequently, exclusive reliance on dimensionless numbers for regime classification is inadequate; this finding is crucial for improving atomization modeling accuracy.
[image: Six computational simulation visualizations show a sequential fracture of a 3D object with time steps labeled in microseconds. Red arrows highlight fracture progression. A color map represents velocity values, and a 3D axis is included.]FIGURE 8 | Time evolution of bag breakup (the color indicates the axial velocity in m/s).Surface Instability
Under the current JICF conditions, we quantify the dominant wavelengths of three competing instability modes–Rayleigh-Taylor (RT), Kelvin-Helmholtz (KH), and capillary instabilities–through theoretical analysis. This wavelength comparison enables definitive identification of the prevailing instability mechanism governing the present JICF breakup process.
RT Instability
The wavelengths corresponding to the maximum growth rate of the RT instability are given by Equation 7:
λR−T,opt=2π3σρl−ρga,(7)
where a is the magnitude of the acceleration of the liquid phase caused by crossflow resistance. Based on the analysis of Xiao et al. [34], the acceleration of the jet column can be expressed as Equation 8:
a=Fm=CD12ρgUg2DzLyρl14πD2Ly=2CDρgUg2DzπρlD2,(8)
where CD is the drag coefficient for the deformed liquid column, Dz is the effective spanwise dimension of the column. The role of capillary instability in column breakup becomes smaller, and RT instability plays a leading role in column breakup.
KH Instability
The dominant wave number of KH instability expressed as Equation 9 [35]:
kK−H,opt=2ρgΔU23σ.(9)
therefore, the wavelength corresponding to the maximum growth rate of KH instability is obtained as following,
λK−H,opt=2πkK−H,opt=3πσρgΔU2.(10)
Capillary Instability
The characteristic wavelength induced by capillary instability is given by λCa,opt≈4.5D. To identify the dominant instability mechanism governing liquid core breakup under the present operating conditions, Figure 9 presents the surface wave morphology. Quantitative measurements reveal an initial surface wavelength of approximately 0.7D upstream of the jet, significantly smaller than capillary-driven surface wavelengths resulting from surface tension effects. This comparative analysis confirms that capillary instability does not predominantly govern the liquid core breakup process in our present operation configuration.
[image: Scientific visualization showing two green fluid simulations side by side. The left panel highlights a “caret” shape with a red arrow and indicates a vertical distance labeled 0.7D, while both panels include labeled three-dimensional axes for orientation.]FIGURE 9 | Surface wave structure of undisturbed liquid jet.Four breakup modes of JICF have been experimentally observed by Sallam et al. [5]. As the gas Weber number increases, the liquid jet progresses through column, bag, multi-mode, and shear breakup regimes sequentially. In the bag breakup mode, the nodal spacing is approximately equal to the jet diameter (D), whereas in the shear breakup mode, the dominant wavelength of disturbance waves reduces to approximately 0.1D. The present results lie between these two modes (bag and shear breakup modes), approaching the wavelength characteristic of shear breakup, suggesting that the current working condition resides near the multi-mode to shear breakup transition. This observation further validates the accuracy of the present simulation. Sallam et al. [5] additionally identified that disturbance waves emerge upstream of the deflected liquid jet due to Rayleigh-Taylor (RT) instability, which arises from the acceleration of denser fluid into the less dense fluid in this region. To validate this mechanism, we substitute the calculated surface wave acceleration (a=6.7×105m/s2) into Equation 7, yielding λR−T,opt≈0.8D, which shows excellent agreement with our simulated wavelength. In contrast, the dominant Kelvin-Helmholtz (KH) instability wavelength calculated from Equation 10 gives λK−H,opt≈0.2D. This comparison confirms that RT instability governs the liquid core breakup process under the present conditions. Furthermore, as indicated by red arrows in Figure 9, distinctive “Λ”-shaped surface waves are observed to develop on the jet, which can be attributed to the coupled effects of transverse and axial velocity components. This phenomenon, which was also reported by Li and Soteriou [36], provides further validation for the reliability of our computational results.
Formation of Ligaments and Droplets
The evolution of the liquid jet on the windward side is presented in Figure 10. Consistent with the analysis in the previous section, increasing distance from the nozzle induces progressive destabilization of the jet surface through Rayleigh-Taylor (RT) instability, resulting in the formation of surface wave structures on the windward side. As shown by black circles in Figures 10A–I, airflow-induced stretching causes both sides of the “Λ”-shaped waves to gradually break into ligaments from the troughs. These ligaments subsequently contract and ultimately disintegrate into small droplets, as marked by black circles in Figures 10J–L. The bag breakup process in surface wave troughs is highlighted with red circles in Figure 10. Transverse airflow generates a high-velocity zone near the lateral edges of surface wave troughs, forcing liquid migration toward the crossflow direction (+x) and forming liquid bags. These bags become progressively thinner and eventually develop a central perforation. Subsequent expansion of these perforations leads to the formation of closed ligaments around the holes, as demonstrated by red circles in Figures 10D–F. Ultimately, these closed ligaments rupture into striped ligaments, shown by red circles in Figures 10G–I.
[image: Twelve-panel scientific visualization labeled A to L shows fluid dynamics simulation results on a 3D model, with each panel displaying different flow structures highlighted by black and red circles. A color bar above indicates velocity from negative thirty-five to sixty using shades from blue to red. Each panel is viewed from the same angle, and a three-axis orientation guide appears at top right. An arrow in panel A points to an area of interest.]FIGURE 10 | Evolution of the liquid jet on the windward side (the color indicates the x-direction velocity in m/s).Ligaments formed through surface wave crest shedding exhibit larger dimensions, consequently producing correspondingly larger droplets. Additionally, as indicated by blue arrows in Figure 10A, intense shear effects at the liquid jet’s spanwise edge - caused by airflow motion along the surface (z-direction) - induce shear breakup modes. This breakup mechanism generates comparatively smaller droplets.
The aforementioned breakup modes occur periodically near the nozzle. Both bag and shear breakup modes produce relatively small ligaments and droplets, while surface wave crest shedding generates larger ones. Small droplets, characterized by low inertia, experience significant influence from the surrounding flow field, resulting in broad dispersion. Conversely, larger droplets remain predominantly concentrated near the liquid core.
ATOMIZATION OF DISTURBED LIQUID JET IN CROSSFLOW
This section analyzes the breakup process of the liquid jet under four sinusoidal perturbation frequencies. The corresponding Strouhal numbers are calculated as St=fD/U, with the disturbance wavelength expressed as λ=Ūl/f, where Ūl denotes the liquid jet’s mean velocity - defined as the velocity of the undisturbed jet at the nozzle, which is 30 m/s. The wavelength-Strouhal number relationship follows λ/D=1/St. All parameters are summarized in Table 2. Case 2’s disturbance wavelength corresponds to the capillary instability’s dominant wavelength, while Case 3 aligns with the Rayleigh-Taylor (RT) instability’s dominant wavelength (see Section Numerical Scheme and Setup).
TABLE 2 | Disturbance frequencies and dimensionless parameters of liquid jets.	​	f(kHz)	U(m/s)	λ/D	St
	Case 1	-	30	-	-
	Case 2	66.6	30[1+0.1⁡sin(2πft)]	4.5	0.22
	Case 3	300	30[1+0.1⁡sin(2πft)]	1	1
	Case 4	600	30[1+0.1⁡sin(2πft)]	0.5	2
	Case 5	1,500	30[1+0.1⁡sin(2πft)]	0.2	5


Overall Structure
We next analyze and compare the temporal evolution of the disturbed liquid jet under the operating conditions outlined in Table 2.
Figure 11 illustrates the temporal evolution of the liquid jet’s global structure in Case 2. The liquid column breakup demonstrates a periodic flapping behavior, exhibiting a significantly reduced breakup length relative to undisturbed conditions. Velocity pulsation at the nozzle induces periodic contracting and stretching of the liquid core, resulting in wave node formation. Blue arrows in Figure 11 track the temporal development of these wave nodes, where spanwise dilatation (z-direction) of the inter-node liquid core occurs due to crossflow-induced aerodynamic forcing. The subsequently flattened liquid film undergoes thinning until ultimate breaks. This breakup pattern recurs with each pulsation cycle.
[image: Visualization showing a sequence of colored simulation frames of fluid dynamics in three rows, with each frame timestamped in microseconds and blue arrows highlighting evolving vortex structures. A color bar above indicates velocity range from negative fifty-five to thirty meters per second. X, Y, Z axes orientation is shown.]FIGURE 11 | Evolution of the disturbed jet (f=66.6 kHz, different colors indicate different y-direction velocities (m/s)).Figure 12 shows the temporal evolution of the jet’s windward surface viewed along the x-direction. Rayleigh-Taylor (RT) instability-induced fluctuations persist in the planar liquid core between wave nodes. Though, the formation of characteristic undisturbed jet features - specifically, the Λ-shaped surface waves - is prevented by the flow field perturbationthe induced by the pulsed jet. Consequently, no residual spine-like structure remains at this excitation frequency, with jet column disintegration occurring between proximal wave nodes near the nozzle, yielding reduced column breakup length.
[image: Scientific visualization shows fluid dynamics simulation with two rows of colored 3D volumes over time, using a red-to-blue scale bar indicating velocity from negative fifty-five to thirty meters per second. Top row displays snapshots for times seventeen to forty-four microseconds, and the bottom row for times forty-seven to eighty-two microseconds. A coordinate axis and label for Rayleigh-Taylor (R-T) instability are included.]FIGURE 12 | Evolution of the windward side of the disturbed jet (f=66.6 kHz, different colors indicate different y-direction velocities (m/s)).Figure 13 presents the temporal evolution of the liquid jet’s global structure in Case 3 - where the excitation frequency precisely matches the intrinsic Rayleigh-Taylor (RT) instability frequency - with black lines depicting the gas-liquid interface in the central plane (z=0). Contrasting with Figure 12, periodic flapping breakup of the liquid core is completely absent at this excitation frequency. Nozzle velocity pulsation induces periodic surface fluctuations. Through klystron effect, knot-like liquid structures emerge with sustained wave node amplitude over time. This markedly distinct behavior observed here differs from streamwise-forced circular jet dynamics, where the surface wave on the liquid core, induced by a 300 kHz frequency disturbance, gradually diminishes [25]. The discrepancy originates from distinct dominant breakup mechanisms governing directly injected circular jets versus crossflow liquid jets under identical conditions. Our prior investigations [25] established capillary instability as the primary mechanism governing surface wave dynamics in circular liquid jets. In contrast, the current crossflow jet analysis under undisturbed conditions (Section Atomization of Undisturbed Liquid Jet in Crossflow) reveals Rayleigh-Taylor (RT) instability as the dominant surface destabilization mechanism. This departure in governing physics is also quantitatively evidenced by the characteristic wavelength scaling: the RT-dominant wavelength λR−T≈D (jet diameter) emerges as significantly smaller than the capillary instability wavelength λCa. Such wavelength disparity, coupled with experimental observations of λR−T-scale wave patterns, fundamentally explains the contrasting interfacial evolution between circular and crossflow jet systems under equivalent perturbation frequencies. Specifically, the amplitude of the surface waves on the transverse jet induced by the disturbance does not exhibit significant attenuation, whereas the amplitude of the surface waves on the circular jet exhibits gradual decay.
[image: Simulation results show a sequence of color-coded 3D fluid dynamic visualizations and contour line drawings of a jet over time, with views along X, Y, and Z axes, and velocity scale ranging from minus fifty-five to plus thirty meters per second.]FIGURE 13 | Evolution of the disturbed jet (f=300 kHz, different colors indicate different y-direction velocities (m/s)).Figure 14 illustrates the temporal evolution of the liquid jet’s global structure in Case 4. Distinct surface wave structures remain observable in the immediately adjacent jet segment to the nozzle under this specific excitation frequency. Comparative analysis with Figure 13 indicates that surface waves excited at this characteristic frequency exhibit shorter relative wavelengths. Furthermore, their amplitudes display progressive decay along the jet development, particularly within the near-nozzle region. This behavior aligns closely with previous circular jet observations under equivalent pulsation frequencies [25]. In contrast to the amplitude attenuation observed near the nozzle, surface waves exhibit amplitude recovery in downstream regions (x/D>2.5), demonstrating RT instability’s predominance over capillary effects. These transitional zones are explicitly identified in Figure 15 through solid/dashed red enclosures.
[image: Scientific visualization showing the three-dimensional evolution of a flow field at different time steps, with color-coded velocity, contour lines, and three viewing angles for each point. Time is labeled in microseconds.]FIGURE 14 | Evolution of the disturbed jet (f = 600 kHz, different colors indicate different y-direction velocities (m/s)).[image: Three-panel scientific visualization depicts turbulent flow structures with a color bar above indicating velocity values from negative forty-five to thirty, colored from dark red through yellow to dark blue. The left panel shows a black and white contour diagram with highlighted regions and axes labeled X, Y, and Z. The center and right panels display 3D color renderings of flow with swirling contours, using the velocity color scale, and axes indicating orientation.]FIGURE 15 | Surface instability of liquid core (f=600kHz, t=72 μs, different colors indicate different y-direction velocities (m/s)).Figure 16 documents the temporal evolution of the liquid jet’s global structure in Case 5. While nozzle exit velocity pulsations generate localized perturbations within the proximal jet region (x/D<0.5), capillary-driven damping rapidly dissipates these short-wavelength disturbances. Consequently, the jet’s flow morphology beyond (x/D>0.5) closely matches the unperturbed scenario. Crucially, the temporal evolution maintains correspondence with crossflow jet behavior under undisturbed conditions. Surface waves exhibiting the characteristic “Λ”-shape are preserved under this perturbation regime, as identified by black trajectories in Figure 16. This demonstrates crossflow liquid jet breakup’s insensitivity to high-frequency pulsations, consistent with circular jet observations reported by Zhou et al. [25].
[image: Series of scientific simulation graphics showing fluid dynamics over time in microseconds, including color-coded velocity fields and black outline diagrams from different perspectives, with a color bar ranging from negative fifty-five to thirty meters per second, and annotated time points indicated for each row.]FIGURE 16 | Evolution of the disturbed jet (f=1500 kHz, different colors indicate different y-direction velocities (m/s)).Vortex Structure
The vortical structures inherent to transverse jets (JICF) - encompassing counter-rotating vortex pairs, upright vortices, shear-layer vortices, horseshoe vortices, and wake vortices [37] - serve as critical determinants of liquid jet disintegration, particularly under turbulent jet regimes. These turbulent vortex configurations exert direct control over interfacial instability initiation mechanisms [34]. Given the heightened susceptibility of jet vorticity fields to external perturbations, nozzle-introduced velocity fluctuations considerably modify transverse jet vortex formation dynamics, thereby governing both initial interface destabilization and subsequent breakup processes. This causality necessitates systematic investigation of nozzle perturbation-induced vortex evolution. Among these vortical features, annular and wake vortices play a dominant role in instability initiation, as evidenced by their persistent manifestation in transient flow regimes [38]. Subsequent analysis focuses on perturbation-induced evolution of these two vortex classes.
Figure 17A depicts the instantaneous vortical topology visualized through the Q-criterion, where the velocity field is normalized by the initial jet velocity. The three-dimensional vortex features surrounding the liquid column reveals two dominant structural components: 1) Counter-rotating vortex pairs (CVPs) aligned parallel to the liquid column axis, directly linked to surface breakup mechanisms; and 2) Windward-side vortices governing the onset of interfacial instability. Additionally, as shown in Figure 17A, the spatiotemporal evolution of wake, vertical, and droplet-associated vortices critically modulates both mixing efficiency and atomization dynamics. Notably, analogous vortical configurations observed in supersonic transverse jets [19] reveal mechanistic similarities in atomization processes across flow regimes.
[image: Five scientific visualizations compare undisturbed and high-frequency disturbed vortex flows, showing labeled vortex structures in panel A and variations in vortex complexity across panels B to E at increasing ultrasonic frequencies.]FIGURE 17 | Contour of second invariant of the velocity gradient tensor Q=500 and liquid jet structure in different disturbed working condition (t=87μs). (A) Undisturbed working condition. (B) f=66.6 kHz. (C) f=300 kHz. (D) f=600 kHz. (E) f=1500 kHz.Figure 17 documents the perturbation-modulated vortical structures surrounding the jet under multiple excitation conditions. Nozzle-imposed disturbances induce significant modifications to the vortex formation dynamics. The windward annular vortex structure demonstrates non-monotonic scaling with increasing actuation frequency, exhibiting initial expansion followed by subsequent contraction. At elevated frequencies, the jet’s vortical configuration approximates undisturbed baseline conditions, demonstrating constrained influence of high-frequency perturbations on breakup mechanisms.
Comparison of Jet Penetration and Trajectory
Figure 18 compares windward surface morphologies under varying perturbation frequencies. The unperturbed jet exhibits extended breakup length, where symmetry-preserving waves on the windward interface generate an elongated spine-like liquid ligament along the symmetry plane, deflecting toward the crossflow to enhance liquid core extension. Nozzle-imposed perturbations induce non-monotonic breakup length evolution: initial reduction followed by subsequent elongation with increasing frequency. When surface wavelengths approach RT instability’s dominant scale (f=0−300kHz), intensified perturbation effects progressively suppress both surface undulations and spinal ligament formation, reducing breakup length through periodic wave packet shedding. However, arrow-marked features in Figure 18D reveal trapezoidal wave configurations emerging at f=600kHz, triggering renewed breakup length enhancement. At ultrahigh frequencies (f=1500 kHz), nozzle-induced wave effects diminish, permitting RT instability-dominated breakup with reemerging “Λ”-shaped waves. This regime restores symmetry-plane liquid ligament deflection and breakup length characteristics analogous to unperturbed conditions.
[image: Five computational fluid dynamics visualizations labeled A to E show vortex and velocity patterns beneath a surface, color-mapped from -60 to 50 using a red-blue scale, at frequencies of zero, sixty-six point six, three hundred, six hundred, and one thousand five hundred kilohertz. Trapezoidal surface waves visible in panel D are indicated with an arrow.]FIGURE 18 | Compare of windward surface of the liquid jet under different disturbance frequencies, from left to right: f=0, 66.6, 300, 600, 1500kHz (t=87 μs, different colors indicate different y-direction velocities (m/s)). (A) f = 0. (B) ƒ = 66.6 kHz. (C) ƒ = 300 kHz. (D) f = 600 kHz. (E) f=1500 kHz.Subsequent analysis focuses on central plane (z=0) morphological evolution to examine disturbance frequency effects on jet trajectory (Figure 19). When the excitation frequency falls below the capillary instability’s dominant wavelength threshold (f=66.6kHz), three distinctive alterations emerge in the perturbed jet compared to its unperturbed counterpart: 1) reduction in breakup length, 2) shortening of column breakup timescale, and 3) periodic lateral oscillations of jet trajectory about its mean path. These collectively enhance crossflow-directed (x-direction) dispersion of ligaments and droplets. Near RT instability’s critical frequency (f=300kHz), accelerated surface wave growth induces marked crossflow deflection (Figure 20), resulting in earlier breakup of the jet column. At elevated frequencies (f=600, 1500kHz), breakup length restoration occurs alongside trajectory convergence toward unperturbed characteristics. This non-monotonic breakup length response - initial decrease followed by recovery - reaches minimum values below RT instability’s characteristic frequency. The underlying mechanism involves disturbance-induced wavelength modulation: Sub-RT-scale wavelengths transform “Λ”-shaped waves into linear configurations while suppressing spinal ligaments, yielding abrupt breakup length reduction. Super-RT wavelengths generate trapezoidal wave morphologies that delay breakup. Ultimately, high-frequency perturbations (f>1500kHz) experience rapid near-nozzle attenuation, restoring both “Λ”-shaped wave patterns and breakup characteristics analogous to unperturbed jets.
[image: Scientific figure comprising five rows labeled A through E, each showing a series of fluid flow visualizations marked by particle tracings. Each row corresponds to a different frequency: A is zero kilohertz, B is sixty-six point six six kilohertz, C is three hundred kilohertz, D is six hundred kilohertz, and E is fifteen hundred kilohertz. Flow patterns and turbulence visibly change with increasing frequency.]FIGURE 19 | Time evolution of the jet trajectory under different disturbance frequencies (t= 10, 20, 30, 40, 50, 60, 70, 80 μs). (A) f = 0 kHz. (B) ƒ = 66.6 kHz. (C) ƒ = 300 kHz. (D) f = 600 kHz. (E) f = 1500 kHz.[image: Scatter plot with multi-colored dots and contour lines representing different frequency values, as indicated by the legend: black for zero, red for sixty-six point six kilohertz, green for three hundred kilohertz, cyan for six hundred kilohertz, and magenta for one thousand five hundred kilohertz. Coordinate axes for x and y are shown in the top right corner.]FIGURE 20 | Superposition of jet trajectories in the central plane of the jet for different nozzle disturbance frequencies (different colors indicate different y-direction velocities (m/s)).The trajectory and penetration depth of liquid jets in crossflow (JICF) constitute critical performance metrics, governing fuel distribution patterns within combustion chambers and consequently determining evaporation rates and oxidizer mixing efficiency [3]. This necessitates rigorous quantitative characterization of both jet trajectory and breakup location. Existing predictive formulations, categorized by operating condition regimes such as standard temperature and pressure (STP), high-pressure and standard temperature (STHP), standard pressure and high-temperature (HTSP), and high temperature and pressure (HTP), along with dimensionless parameters including the momentum flux ratio, Weber number, viscosity ratio, and Reynolds number [3], exhibit inherent limitations. Current models split into formulations for unity nozzle discharge coefficients versus sub-unity cases, yet all require experimental calibration for trajectory prediction accuracy. Direct numerical simulations precisely eliminate flow disturbances within nozzle geometries and experimental measurement noise, enabling more reliable revelation of the underlying physical mechanisms governing jet breakup processes. While their idealized boundary conditions require complementary validation through experimental datasets, the high-fidelity numerical results provide critical theoretical foundations for establishing predictive models of jet trajectory evolution.
The trajectory depth of non-disturbed (unperturbed) liquid jets has been comprehensively characterized through well-established empirical correlations in the technical literature. A survey of published models reveals numerous correlations proposed to link trajectory depth with governing parameters including momentum ratio. However, as demonstrated in our cross-comparative analysis (Figure 21), significant discrepancies exist among existing trajectory depth prediction models. This pronounced divergence strongly suggests that trajectory depth cannot be uniquely determined by momentum ratio alone but depends on additional dimensionless parameters whose functional relationships remain poorly understood. Through systematic evaluation against our DNS dataset, the multi-parameter framework proposed by Eslamian et al. [39] emerges as the optimal predictor, exhibiting excellent agreement with numerical simulations in trajectory depth quantification. This model, rigorously selected from existing formulations through comparative analysis, achieves near-perfect alignment with DNS-derived penetration profiles, confirming its superior predictive accuracy. The Eslamian correlation, expressed as Equation 11:
yD=0.191xD0.43q0.30Rech0.12Rel0.14,(11)
where Rech designates the gas-phase Reynolds number based on channel hydraulic diameter, and Rel corresponds to the liquid-phase Reynolds number normalized by jet diameter. Distinct from conventional formulations, this framework incorporates two critical dimensionless parameters: Rech and Rel. These findings establish that the momentum flux ratio constitutes only one component of jet trajectory determination, necessitating inclusion of additional scaling parameters - a critical requirement emphasized by Chai et al. [38].
[image: Scatter plot with multiple colored and styled curves labeled in the right legend, showing y over D versus x over D for various literature sources and experimental conditions, with one series labeled as “Our data” using pink circles.]FIGURE 21 | Comparison of the jet trajectory presented in different literature and the simulation result in present study.The existing predictive models for jet trajectory depth, as discussed above, are principally applicable to either unperturbed liquid jets or those subjected to high-frequency excitation. However, in low-frequency excitation regimes, our detailed analysis reveals that inlet perturbations at the nozzle exert significant influence on both the modal characteristics of surface wave formation and their subsequent development dynamics. Under such perturbed excitation conditions, the resultant jet trajectories and breakup lengths exhibit pronounced unsteady characteristics and nonlinear behavior dominated by multimodal interactions. Consequently, establishing reliable predictive frameworks for jet trajectory and breakup length in low-frequency excitation scenarios requires systematic investigations encompassing broader parametric ranges of excitation characteristics–a critical research gap that constitutes the focus of our planned investigations.
CONCLUSION
This study systematically investigates the primary atomization of a sinusoidal-disturbed liquid jet in a gaseous crossflow across perturbation frequencies spanning 0–1500 kHz (Strouhal number St=0−5) using a high-resolution numerical framework. The key findings are summarized as follows:
	Undisturbed Jet Dynamics: The column breakup process in unperturbed conditions is governed by Rayleigh-Taylor (RT) instability, with the dominant wavelength (λR−T,opt≈0.8D) dictating the scale of ligaments and droplets. The interaction of transverse and axial flows generates characteristic “Λ”-shaped surface waves, from which ligaments detach periodically. These ligaments, comparable in size to the RT wavelength, serve as the primary source of large droplets in the spray field. A persistent spine-like liquid band forms along the jet’s symmetry plane, enhancing core penetration before eventual disintegration.
	Frequency-Modulated Breakup: Perturbation frequency critically alters surface wave morphology and breakup length. At low frequencies (St=0.22), periodic flapping suppresses RT-driven waves, reducing breakup length. When the excitation frequency matches the intrinsic RT instability (St=1), amplified surface undulations accelerate column fragmentation. High-frequency disturbances (St≥2) exhibit rapid near-nozzle damping, restoring unperturbed “Λ”-shaped waves and breakup characteristics. The breakup length follows a non-monotonic trend, reaching minima at intermediate St due to transitions in wave topology: “Λ”-shaped → linear → trapezoidal → “Λ”-shaped.
	Jet Trajectory and Modeling Implications: While the gas-liquid momentum flux ratio remains a key parameter for trajectory prediction, turbulent effects and perturbation frequency significantly influence jet dynamics. Existing empirical models relying solely on show poor accuracy, whereas formulations incorporating gas-phase Reynolds number (Rech) and liquid-phase Reynolds number (Rel) align closely with simulations. Notably, nozzle-imposed disturbances introduce transient trajectory oscillations, highlighting the need for frequency-dependent corrections in predictive frameworks.

These findings establish a mechanistic link between perturbation frequency, interfacial instability, and atomization efficiency, providing actionable insights for combustion instability reduction. By tailoring excitation frequencies to target specific instability modes (e.g., suppressing RT waves at St=0.22), active flow control strategies can optimize spray uniformity and mixing in propulsion systems. Future work should expand parametric ranges (e.g., higher Weg, viscosity effects) and integrate frequency modulation into reduced-order models for real-time combustion control. Additionally, subsequent studies will focus on more in-depth quantitative analysis, primarily including: the growth characteristics of unstable waves, the evolution mechanisms of vortex dynamics, and a comprehensive analysis of droplet characteristics across the entire spray field.
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