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Physics-informed neural networks (PINNs) have emerged as an effective tool for solving both forward and inverse partial differential equation (PDE) problems. However, their application in large-scale problems is limited due to their expensive computational cost. In this study, we employed an overlapping domain decomposition technique to enable the spatial-temporal parallelism in PINNs to accelerate training. Moreover, we proposed a rescaling approach for PINN inputs in each subdomain, which is capable of migrating the spectral bias in vanilla PINNs. We demonstrated the accuracy of the PINNs with overlapping domain decomposition (overlapping PINNs) for spatial parallelism using several differential equations: a forward ODE with a high-frequency solution, a two-dimensional (2D) forward Helmholtz equation, and a 2D inverse heat conduction problem. In addition, we tested the accuracy of overlapping PINNs for spatial-temporal parallelism using two nonstationary PDE problems, i.e., a forward Burgers’ equation and an inverse heat transfer problem. The results demonstrate (1) the effectiveness of overlapping PINNs for spatial-temporal parallelism when solving forward and inverse PDE problems, and (2) the rescaling technique proposed in this work is able to migrate the spectral bias in vanilla PINNs. Finally, we demonstrated that the overlapping PINNs achieve approximately 90% efficiency with up to 8 GPUs using the example of the inverse time-dependent heat transfer problem.
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INTRODUCTION
Physics-informed neural networks (PINNs) [1] have drawn extensive attention in a wide range of disciplines as a new scientific computing paradigm [2–10]. For instance, Cai et al. solved heat transfer problems using PINNs [11], Mao et al. proposed an adaptive sampling method based on the predicted gradients and residues to improve the accuracy of PINNs for PDEs with sharp solutions [12], and Lu et al. employed the PINNs for topology optimisation with partial differential equation (PDE) constraints [13, 14], just to name a few.
Despite the success of PINNs in solving both forward and inverse PDEs in various disciplines, their application to real-world, large-scale problems has been limited due to their high computational cost, especially in cases described by time-dependent PDEs [15]. Numerous approaches have been developed to accelerate the training of PINNs. Yu et al. proposed using the gradient of the equation to reduce the number of training points in PINNs, and thus enhance their convergence [4]. Jagtap et al. employed an adaptive activation function to accelerate the convergence of PINNs [16]. Another way to enhance the computational efficiency of PINNs is parallel computing. Inspired by the parallel computing approaches such as domain decomposition in conventional numerical methods, several PINN approaches based on the domain decomposition have also been developed [17]. Meng et al. developed parallel PINNs which enable the temporal parallelism of PINNs to solve long-term integration problems [18]. Furthermore, Jagtap et al. proposed conservative PINNs (cPINNs), which used a non-overlapping domain decomposition to enable spatial parallelism in PINNs when solving large-scale PDE problems [19]. Moreover, Jagtap et al. developed extended PINNs (xPINNs) based on the non-overlapping domain decomposition to enable spatial-temporal parallelism when solving forward and inverse PDE problems [20]. In cPINNs, the coupling condition at interfaces that separate different subdomains is the continuity of the data along with the normal flux. In the original xPINNs, only the continuity of the data is imposed at interfaces that separate different subdomains. Generally, the computation of the flux in cPINNs depends on the first derivative of the solution to the PDE at hand, which is computationally expensive especially for high-dimensional problems in PINNs if automatic differentiation is used. Hence, xPINNs are more attractive than cPINNs because there is no need to compute the derivative of the solution. However, Hu et al. pointed out that the imposition of continuity of the first derivative of the solution improves the training and generalisation of xPINNs [21, 22].
In addition to the aforementioned non-overlapping domain decomposition approaches, the overlapping domain decomposition is also a popular approach for parallel computing in conventional numerical methods [23]. Recently, PINNs with overlapping domain decomposition have been employed to solve unsteady inverse flow problems with both spatial and temporal parallelism [24]. However, the effectiveness of this approach for other PDE problems, such as forward PDEs, has not yet been demonstrated. Also, the computational efficiency of PINNs with overlapping domain decomposition has been tested on multiple CPUs in [24]. Generally, the GPUs are more efficient and thus more widely used in the training of PINNs. The efficiency of PINNs with overlapping domain decomposition on multiple GPUs remains unclear.
In this study, we utilised overlapping domain decomposition in PINNs (overlapping PINNs) to enable the spatial-temporal parallelism and enhance computational efficiency in PINN training. We also proposed a rescaling technique for overlapping PINNs to address the spectral bias in the vanilla PINNs. Furthermore, we tested the computational efficiency of overlapping PINNs on multiple GPUs using nonstationary PDE problems. The rest of the article is organised as follows: we introduce overlapping PINNs with rescaling in Section Methodology, a series of numerical experiments are presented in Section Results and Discussion, and this study is summarised in Section Summary.
METHODOLOGY
In this section, we first review the physics-informed neural networks (PINNs) for solving forward and inverse PDE problems, and we then introduce the overlapping domain decomposition approach for spatial-temporal parallelism in PINNs.
Physics-Informed Neural Networks
For any general partial differential equation (PDE) expressed as
Nωux,t=f, x∈RD,(1)
where N denotes any differential operator, x and t are the spatial and temporal coordinates, respectively, and ω is either a known or unknown parameter/field that defines the operator. In forward PDE problems, ω is known, and we would like to find the solution to Equation 1 given the equation and the initial/boundary conditions; in inverse problems, ω is unknown. The objective is then to find the solution to Equation 1 and infer ω given the data on u and the equation.
Physics-informed neural networks (PINNs) which were developed as a unified framework for solving both forward and inverse PDE problems, are illustrated in Figure 1. In PINNs, we have a feed-forward neural network (FNN) that takes x and t as inputs to approximate the solution to u. With automatic differentiation, we can then encode the PDE into the neural networks. The loss function for training the PINNs can be expressed as shown in Equation 2:
Ltotalθ=λpdeLpde+λdataLdataLpde=1N∑i=1NRi2, Ri=Nωux,ti−fx,ti2Ldata=1Ndata∑i=1Ndataui−udata,i2(2)
where Ltotal is the total loss, Lpde is the PDE loss, and Ldata is the data loss. For forward problems, udata is the initial/boundary conditions, while in inverse problems, udata are the measurements on u. λpde and λdata are the weights used to balance each term in the loss functions. In general, the loss function will be minimised using the stochastic gradient descent approach in both forward and inverse problems. In forward problems, θ represents the parameters in the neural networks. For inverse problems, θ denotes the parameters in the neural networks and the parameters used to parameterise ω.
[image: Diagram of a neural network incorporating physics-informed constraints. Inputs \(x\) and \(t\) pass through layers of neurons with weights \(\theta\), producing output \(u\). The output is validated against physics-informed constraints: a partial differential equation (PDE) \(N_\omega[u(x,t)] - f(x,t) = 0\) and data \(u = u_{data}\). These constraints contribute to the total loss, expressed as \(L_{total} = \lambda_{pde}L_{pde} + \lambda_{data}L_{data}\), which is minimized via backpropagation.]FIGURE 1 | Schematic of physics-informed neural networks (PINNs).Overlapping Domain Decomposition
In the non-overlapping domain decomposition approach, the entire domain is divided into several subdomains (For example, Ω1 and Ω2 in Figure 2), and Γ denotes the interface that separates the subdomains. The coupling conditions in the non-overlapping domain decomposition approach are expressed as shown in Equation 3:
u1x,t=u2x,t, n1⋅∇u1x,t=n2⋅∇u2x,t,(3)
where u1(x,t) and u2(x,t) are from the numerical solvers at Ω1 and Ω2, respectively. The first term is to impose continuity of u(x,t) at Γ, and the second term represents continuity of the normal flux at the interface.
[image: Two diagrams compare non-overlapping and overlapping domain decomposition. The left shows non-overlapping areas labeled Ω₁ and Ω₂ separated by Γ. The right shows overlapping areas with Ω₁, Ω₂, and a gray overlapping region labeled Ω₁ ∩ Ω₂ between Γ₁ and Γ₂. Mathematical equations are shown below each diagram.]FIGURE 2 | Schematic of non-overlapping and overlapping domain decomposition.In the overlapping domain decomposition, the two subdomains share an overlap region (Ω1⋂Ω2). The interface of the domain Ω1 is Γ1. It is inside the domain Ω2 and vice versa. As the interface properly sets boundary conditions for each domain, the convergence of the overlapping domain decomposition only requires data consistency at the interface, i.e., u1=u2 [23]. In conventional numerical methods [23], the overlapping domain decomposition is only applied to spatial domains. However, it should be noted that the two subdomains here can be spatial-temporal subdomains, since there is no particular difference in dealing with temporal and spatial domains in PINNs.
In the context of PINNs, there are two major differences between the non-overlapping and overlapping domain decomposition techniques: (1) the former has no overlapping domains between two adjacent subdomains while the latter does, and (2) both the continuity of the solution and the flux related to the derivative of the solutions are required as the coupling condition at the interface between two adjacent subdomains, while the latter does not explicitly require the continuity of the flux at the interface between two adjacent subdomains, which is able to reduce the cost of the communication in parallel computing.
For each subdomain, a physics-informed neural network (PINN) is assigned as shown in Figure 3. For the kth subdomain (Ωk), the total loss Ltotalk(θ) consists of the PDE loss (Lpdek), data loss (Ldatak), and interfacial loss (LΓk), each with their corresponding weights λpdek, λdatak, and λΓk, as defined below:
Ltotalkθ=λpdekLpdek+λdatakLdatak+λΓkLΓkLpdek=1N∑i=1NRi2, Ri=Nωux,ti−fx,ti2Ldatak=1Ndata∑i=1Ndataui−udata,i2LΓk=1NΓ∑i=1NΓui−uΓ,i2,(4)
where uΓ is the prediction at the interface Γ from the PINN model in the adjacent subdomain. For the forward problem, udata is the initial/boundary conditions in the subdomain. For the inverse problem, udata are the measurements on u in the subdomain. N, Ndata and NΓ are the number of sample points for their corresponding loss terms. In the present work, we used the same number of PINN models as the number of subdomains, and the PINN model in each subdomain was trained in parallel on different devices using its own loss, i.e., Ltotalk.
[image: Diagram depicting overlapping domain decomposition and a sub-domain neural network. The neural network processes inputs \(x\) and \(t\) through layers of nodes \(\theta\), resulting in output \(u\). Physics-informed constraints include a PDE, data, and interface conditions, all contributing to total loss calculation. Four domains \(\Omega_1\), \(\Omega_2\), \(\Omega_3\), \(\Omega_4\) are shown with overlapping regions. Math equations indicate loss terms.]FIGURE 3 | Schematic of a physics-informed neural network with overlapping domain decomposition.In general, the loss function will be minimised using the stochastic gradient descent approach for both forward and inverse problems. For forward problems, θ represents the parameters in the neural networks. For inverse problems, θ denotes the parameters in the neural networks and the parameters used to parameterise ω. In this approach, we did not require the computation of the first derivative at Γ. In the present approach, each subdomain had a separate PINN model, and the parameters in each PINN model were updated using their own loss, which was defined in Equation 4. To ensure convergence, coupling conditions were imposed on the interface between adjacent subdomains. Furthermore, the adjacent subdomains needed to communicate when computing the loss for the coupling condition. For example, a 1D domain [0,1] that is divided into three overlapping subdomains should be considered: Ω0=[0.0,0.4], Ω1=[0.3,0.7], Ω2=[0.6,1.0]. Each subdomain had a PINN model and was assigned to a different device (rank 0, 1, or 2 respectively). At the overlapping interface between neighbouring subdomains (e.g., Ω0 and Ω1 share [0.3,0.4]), the PINN predictions at the interface from ranks 0 and 1 were exchanged via a non-blocking send/receive scheme at each gradient descent step. The frequency of communication can be adjusted; however, in this study, we exchanged information between different subdomains at each iteration.
Furthermore, we applied the following rescaling technique to the PINN input in each subdomain as shown in Equation 5:
ϕ̂=2ϕ−ϕminϕmax−ϕmin−1,ϕ=x,t,(5)
where ϕmin and ϕmax can be obtained as we know the boundaries of each subdomain. In this way, the input for PINNs in each subdomain will be rescaled to the range of −1 to 1. For problems with high-frequency solutions, this rescaling will decrease the frequency in each subdomain, and thus migrates the issue of spectral bias in vanilla PINNs.
RESULTS AND DISCUSSION
In this section, we present a series of numerical experiments on both forward and inverse PDE problems to demonstrate the accuracy of the overlapping PINNs. Furthermore, we test the speed-up ratio of the overlapping PINNs using an example of an inverse two-dimensional time-dependent heat transfer equation. All the training of PINN models was performed on NVIDIA RTX 3090 GPUs with implementations using the PyTorch 2.3 framework. Details on the computations, e.g., architectures of neural networks, optimisers, etc., for each test case are provided in Supplementary Appendix SA in addition to the first test case.
Forward Problem
1D Forward Problems With High-Frequency Solution
First, we considered the following forward ordinary differential equation (ODE) problems, which are expressed as shown in Equation 6:
dudx=60π⁡cos60πx, x∈0,1,(6)
with the boundary conditions u(x=0)=0. The exact solution to this equation is given by Equation 7:
ux=sin60πx,(7)
which is a high-frequency function and is difficult to approximate by DNNs due to the spectral bias [25, 26]. The objective here was to solve Equation 6 given the data on the right-hand side (RHS) and the boundary condition.
To test the accuracy of the overlapping PINNs, we divided the entire spatial domain (x∈[0,1]) into four subdomains. Specifically, the subdomains are expressed as
x1∈0,1+3α4,x2∈1+3α4−α,21+3α4−α,x3∈21+3α4−2α,31+3α4−2α,x4∈31+3α4−3α,1,
where α=0.2. Each subdomain has a length of 1+3α4, and adjacent subdomains overlap by a uniform length of α. The interface condition in Equation 4 was applied to ensure continuity of the solution.
The details for the overlapping PINNs are illustrated in Table 1. The points used to calculate the PDE loss within each domain/subdomain were also generated via Latin Hypercube Sampling. The results from the overlapping PINNs are depicted in Figure 4, and they agree well with the reference solution. We also presented the results from the vanilla PINNs and the overlapping PINNs without scaling for the inputs of each subdomain. We observed that: (1) the vanilla and overlapping PINNs without scaling failed to solve this equation accurately due to the spectral bias as reported in [25, 26]; and (2) the overlapping PINNs without scaling were more accurate than the vanilla PINNs for x∈[0.25,1], but the predictions still showed significant discrepancy with the reference solution. For the overlapping PINNs with scaling for the inputs of each subdomain, we were able to decrease the frequency of the target function, which therefore helped mitigate the issue of spectral bias. We used 2,000 uniformly sampled points across the entire domain to estimate the relative L2 errors when training PINN models. The relative L2 errors for the vanilla PINNs, and the overlapping PINNs without and with scaling were found to be 99.982%,82.973%,0.088%, respectively.
TABLE 1 | ODE problem with a high-frequency solution: Details for the training of PINNs.	Settings	Vanilla	Overlapping without scaling	Overlapping with scaling
	# of layers	4	4	4
	# of neurons per layer	64	64	64
	Activation fun	Tanh	Tanh	Tanh
	Optimiser	Adam	Adam	Adam
	Learning rate	0.001	0.001	0.001
	Training epoch	50,000	50,000	50,000
	Collocation points	200	200	200
	λpdei	1	1	1
	λdatai	1	10	10
	λΓi	-	1	1
	# of GPUs	1	4	4


[image: A graph depicting four line plots labeled "Reference," "Vanilla PINN," "Overlapping w/o Scaling," and "Overlapping w/ Scaling." The plot shows multiple overlapping sinusoidal waves, with the x-axis labeled as "X" ranging from 0.0 to 1.0, and the y-axis labeled as "u" ranging from -1.5 to 1.5. The legend indicates the color and style for each line: black solid for Reference, green dashed for Vanilla PINN, blue dashed for Overlapping without Scaling, and red dashed for Overlapping with Scaling.]FIGURE 4 | ODE problem with a high-frequency solution: Predictions from vanilla PINNs, overlapping PINNs with and without rescaling of the inputs in each subdomain.Finally, the loss history of the vanilla PINNs and the overlapping PINNs with and without rescaling is shown in Figure 5. As can be seen the loss for the overlapping PINNs with rescaling decreased the fastest among the three models. In addition, the loss for the overlapping PINNs with rescaling at 20,000 training steps was approximately four orders smaller than the other two models, which is consistent with the results in Figure 5.
[image: Line graph showing loss versus iterations with three curves: blue dash-dot for Vanilla PINN, orange dashed for Overlapping without Scaling, and green solid for Overlapping with Scaling. Green curve decreases significantly, while others remain high.]FIGURE 5 | ODE problem with a high-frequency solution: Loss history from vanilla PINNs, overlapping PINNs with and without rescaling of the inputs in each subdomain.2D Helmholtz Equation
We further tested the spatial parallelism using overlapping PINNs based on the two-dimensional Helmholtz equation, which is a fundamental partial differential equation that arises in various fields such as acoustics, electromagnetics, and quantum mechanics. The equation is expressed as:
λ2+Δux,y=fx,y,x,y∈D,D=0,1×0,1.(8)
The boundary conditions for the equation are specified as shown in Equation 9:
ux,y|∂D=0,forx,y∈∂D,(9)
where Δ is the Laplacian operator, ∂D denotes the boundaries of D, and λ is a constant, which was set as 16π2 here. The source term f(x,y) is expressed as shown in Equation 10:
fx,y=−32π2+λ2sin4πxsin4πy,(10)
and we can then obtain the analytical solution to Equation 8 as shown in Equation 11:
ux,y=sin4πxsin4πy.(11)
Similarly, we divided the entire domain into four subdomains, as shown in Figure 6. The locations for the interfaces that divide the computational domain into four subdomains in the x− and y−directions are x=0.525, 0.475 and y=0.525, 0.475, respectively. The details for the overlapping PINN model are listed in Supplementary Table SA1.
[image: Scatter plot divided into four quadrants by black dashed lines. Each quadrant is filled with colored dots: green in the upper left, purple in the upper right, blue in the lower left, and orange in the lower right. A legend indicates these as Domain 0 to Domain 3, with boundary samples marked as black circles. Axes are labeled X and Y, ranging from 0.0 to 1.0.]FIGURE 6 | 2D Helmholtz equation: Schematic of the domain decomposition. Different subdomains are denoted by different colours.The results from the overlapping PINNs with four subdomains are shown in Figure 7. It is observed that: (1) the periodic pattern of the solution was well captured by the proposed model (Figure 7a); and (2) the predictions of u at two representative locations, i.e., x=0.125 and y=0.125 agreed well with the reference solution as in Figure 7b. In addition, we used the trained PINNs to predict u at a 1,000×1,000 uniform grid across the entire domain to estimate the relative L2 errors. The relative L2 error between the predictions from the overlapping PINNs and the reference solution was found to be 0.32%, demonstrating the good accuracy of the present approach for cases with domain decomposition in the spatial domain.
[image: Two parts: (a) Top section shows two contour plots labeled "Overlapping" and "Reference," displaying similar patterns with a range from -0.75 to 0.75. (b) Bottom section shows two graphs; left graph plots \( u \) versus \( X \) with \( Y = 0.125 \), and right graph plots \( u \) versus \( Y \) with \( X = 0.125 \). Both graphs use solid black for "Reference" and dashed red for "Overlapping" lines.]FIGURE 7 | 2D Helmholtz equation: Predictions from the overlapping PINNs with four subdomains. Overlapping in (a) and (b): Overlapping PINNs with scaling.Burgers Equation
We then tested the spatial-temporal parallelism of the overlapping PINNs. The test case considered here is one of the most fundamental partial differential equations in fluid mechanics and nonlinear wave propagation, i.e., Burgers’ equation, which takes the following form as shown in Equation 12:
ut+uux=νuxx, x∈−1,1, t∈0,1,(12)
where x and t are the spatial and temporal coordinates, respectively, u is the solution to the equation, and the viscosity coefficient ν is set to be 0.1/π. The initial condition is given by Equation 13:
u0,x=−sinπx,x∈−1,1,(13)
and the Dirichlet boundary conditions are imposed on the boundaries as specified in Equation 14:
ut,1=ut,−1=0,t∈0,1,(14)
Given the equation and the initial/boundary conditions, we would like to solve this equation with the overlapping PINNs.
Similar to the test case in Section 2D Helmholtz Equation, we divided the entire spatial and temporal domain into four subdomains, as shown in Figure 8. In particular, to demonstrate the flexibility of domain decomposition in the present method, the locations of the interfaces that divide the entire domain into four subdomains in the x− and t−directions were calculated as x=0.3,−0.3 and t=0.13,0.07, respectively. The obtained four subdomains are of two different sizes in the spatial-temporal domains. Coupling conditions were imposed at the interfaces to ensure continuity of the solution. The points that were used to evaluate the losses of the PDE residue and the boundary/coupling conditions were randomly generated. More details are in Supplementary Appendix SA.
[image: Scatter plot showing data points divided into four domains: green (Domain 0), white (Domain 1), pink (Domain 2), and light pink (Domain 3). Each domain is filled with colored dots. A legend at the bottom right identifies the colors: green, blue, red, orange, and purple. The x-axis is labeled "T" from 0.0 to 1.0, and the y-axis is labeled "x" from 0.0 to 1.0. Boundary samples are highlighted in purple.]FIGURE 8 | Burgers’ equation: Schematic of domain decomposition. Different subdomains are denoted by different colours.The predicted u from the overlapping PINNs is illustrated in Figure 9. As can be seen the results from the overlapping PINNs showed little discrepancy compared to the reference solution. We further presented the predicted u at two representative times, i.e., t=0.5 and 0.7, and the results from the overlapping PINNs agreed well with the reference solution. We used the trained PINNs to predict u at a x×t=256×101 uniform grid to estimate the relative L2 errors. The relative L2 error between the prediction from the overlapping PINNs and the reference solution in the entire spatial-temporal domain was found to be 1.74% for this particular case, which demonstrates the capability of the present approach for spatial-temporal domain decomposition.
[image: Two parts labeled (a) and (b). (a) shows two contour plots of overlapping and reference data over time \( t \) and space \( x \) with a color gradient from blue to red indicating values. (b) features two line graphs at times \( t = 0.5 \) and \( t = 0.7 \) comparing reference (solid black line) and overlapping (dashed red line) data over a spatial range from \(-1.0\) to \(1.0\).]FIGURE 9 | Burgers’ equation: Predictions from the overlapping PINNs with four subdomains in the spatial-temporal domain. Overlapping in (a,b): Overlapping PINNs with rescaling.Inverse Problem
We then tested the accuracy of the overlapping PINNs for inverse PDE problems. In particular, we tested a steady 2D heat conduction problem in a complex domain and a time-independent heat equation.
2D Heat Conduction
We first tested the overlapping PINNs for spatial parallelism using an example of the heat conduction equation in a complicated domain. As is well known, PINNs are capable of handling problems in complex domains since they represent a mesh-free approach. We demonstrated that the overlapping PINNs are also able to handle problems in complex computational domains effectively. The particular computational domain for the problem considered here is illustrated in Figure 10, which shows a map of Hunan Province, China. The steady heat conduction in this domain is expressed as shown in Equation 15:
∂xKx,y∂xT+∂yKx,y∂yT=fx,y, x∈0,1, y∈0,1,(15)
where T is the temperature, K is the thermal conductivity, and f is the source term. The exact solution for the problem considered here is given by Equation 16:
Tx,y=sinxsiny.(16)
[image: Map showing a region divided into four colored domains: blue, green, pink, and light purple. Each domain is scattered with colored dots of blue, green, orange, and purple, representing different degrees labeled from zero to three. The map has a grid with X and Y axes labeled from zero to one.]FIGURE 10 | 2D Heat conduction: Schematic of the domain decomposition.In addition, K(x,y)=sin(πx)sin(πy), and the source term f(x,y) can then be derived from the exact solution and K(x,y).
For the inverse problem considered here, we assumed that measurements of the temperature and the source term f were available in the computational domain. Furthermore, the thermal conductivity K(x,y) is an unknown field. The objective was to determine the K(x,y) given the data on T and f. We tested the accuracy of overlapping PINNs by decomposing the entire domain into four subdomains, as shown in Figure 10. The locations of the interfaces that divide the entire domain into four subdomains in the x− and y−directions were found to be x=0.525,0.475 and t=0.525,0.475, respectively. The coupling conditions were imposed at the interfaces to ensure continuity of the solution. The points that were used to evaluate the losses of the PDE residue, along with the boundary/coupling conditions were randomly generated. More details are in Supplementary Appendix SA.
The interface conditions and sampling points were generated by the same method used in the Burgers’ equation. The predicted thermal conductivity K(x,y) of the overlapping PINNs is shown in Figure 11. Interestingly, the overlapping PINNs predicted the thermal conductivity well, consistent with the reference solution, even though the domain was irregular. We used 30,000 randomly sampled points in the entire domain to estimate the relative L2 error, and the relative L2 error was found to be 0.026% for the overlapping PINNs. The irregular domain did not impede the PINNs, as the predicted thermal conductivity on the irregular boundaries was smooth. This is an advantage of PINNs compared to the traditional finite element method (FEM), which needs special treatment of irregular computational domains.
[image: On the left, a contour plot with color gradients from blue to red represents a function of variables X and Y. Contours are labeled, and a color bar on the right shows values from zero to 0.945. A legend indicates "Overlapping" in black and "Reference" in red. On the right, a line graph at Y equals 0.5 shows two overlapping curves, "Reference" in black and "Overlapping" in red, with K-values on the Y-axis.]FIGURE 11 | 2D Heat Conduction: Predicted K(x,y) from overlapping PINNs with four subdomains. Overlapping: Overlapping PINNs with rescaling.Time-dependent Heat Transfer Problem
We proceeded to consider a two-dimensional time-dependent heat transfer problem, which is expressed as shown in Equation 17:
∂tTx,t+ux⋅∇T=K∇2T, x=x,y=0,12, t∈0,1,(17)
where u(x)=(ux,uy) is the advection velocity field, K>0 is the constant thermal conductivity. In this particular case, the velocity field u(x) is defined as shown in Equation 18:
ux=y,−x.(18)
The initial condition for the temperature is prescribed as a Gaussian distribution centred at (x0,y0) as shown in Equation 19:
Tx,0=exp−x−x02+y−y022λ2,(19)
where λ>0 is the characteristic length scale controlling the width of the initial distribution, and (x0,y0) denotes the initial centre of the field. In this study, x0=0, y0=0, λ=0.65, and K=0.1.
According to [27], the exact solution can be obtained as shown in Equation 20 by imposing the the corresponding boundary conditions on the above equation:
Tx,t=λ2λ2+2Ktexp−x̂2+ŷ22λ2+2Kt+c,(20)
where c=0.2, x̂ and ŷ are the transformed coordinates, which are given by Equations 21, 22:
x̂=x−x0⁡cost−y0⁡sint,(21)
ŷ=y+x0⁡sint−y0⁡cost.(22)
As in Section 2D Heat Conduction, assuming partial measurements of the temperature field are available, we aimed to infer the thermal conductivity K using the overlapping PINNs. Specifically, we decomposed the entire spatial-temporal domain into eight subdomains, as illustrated in Figure 12. The locations of the interfaces that divide the entire domain into several subdomains in the x−, y− and t−directions were x=0.1,−0.1, y=0.1,−0.1 and t=0.55,0.45, respectively. All the points employed to compute the loss of the overlapping PINNs were generated via the Latin Hypercube sampling. Details can be found in Supplementary Appendix SA.
[image: Three-dimensional scatter plot visualizing points in domains zero to seven, each domain represented by a different color. Axes labeled X, Y, and T, ranging from negative one to one.]FIGURE 12 | Time-dependent heat transfer problem: Domain decomposition in overlapping PINNs with eight subdomains.The predicted T(x,t) at three representative times is shown in Figure 13. It should be noted that for all spatial-temporal slices at x=0.5, y=0.5, t=0, t=0.5, and t=1, the overlapping PINNs agreed well with the reference solution. We then employed the trained PINNs to predict T on a x×y×t=200×200×200 uniform grid in the entire domain. The relative L2 error, and the relative L2 error between the predictions from the overlapping PINNs and the reference solution were 0.018%. In addition, the predicted K was 0.099653, which was quite close to the reference solution K=0.1.
[image: Three panels labeled (a), (b), and (c) depict visual data representations. Panel (a) shows contour plots of a variable over a grid at three times: t = 0.0, 0.5, and 1.0, with a color bar. Panel (b) includes line graphs of T as a function of X at Y = 0.5 and times t = 0.0, 0.5, and 1.0. Panel (c) presents T as a function of Y at X = 0.5 and the same times. Curves labeled Reference and Overlapping in panels (b) and (c) indicate consistent distribution across plots.]FIGURE 13 | Time-dependent heat transfer problem: Predicted T(x,t) from overlapping PINNs with eight subdomains.: (a) T at representative times; (b) and (c) Slices of T at different times. Overlapping: Overlapping PINNs with rescaling.Furthermore, we tested the speed of the overlapping PINNs as we increased the number of subdomains/GPUs. The subdomain division was the same as mentioned above. For the single GPU test, all sample points in the subdomains were assigned to the single GPU. For multiple GPUs, the sample points in the subdomains were evenly assigned to multiple GPUs, meaning each GPU had the same number of sample points. The results of the speed-up ratio (defined as the ratio of the computing time of a single GPU to that of multiple GPUs) of the overlapping PINN are shown in Figure 14. As can be seen, the speed-up ratio increased almost linearly with the number of GPU devices. This demonstrates the effectiveness of parallel computing of the overlapping PINN based on GPUs. For example, when using 8 GPUs, we were able to achieve a speed-up ratio of 7.44, leading to approximately 90% efficiency. The above results demonstrate that the spatial-temporal parallel overlapping PINNs are promising for solving large-scale problems.
[image: Line graph titled "Speedup vs Number of Devices" with the y-axis labeled "Speedup" and x-axis labeled "Number of Devices". The graph shows a linear increase, with data points at (1, 1.00), (2, 1.97), (4, 3.72), and (8, 7.44).]FIGURE 14 | Time-dependent heat transfer problem: Parallel efficiency (Speed-up ratio) of overlapping PINNs with different numbers of subdomains/GPUs.SUMMARY
In this study, we employed the overlapping domain decomposition approach to enable spatial-temporal parallelism when training PINNs to solve both forward and inverse PDE problems. We proposed a rescaling technique for the inputs of the PINNs in each subdomain to migrate the issue of spectral bias in vanilla PINNs. A wide range of forward and inverse differential equations was used to justify the accuracy of the PINNs with overlapping domain decomposition (overlapping PINNs), including an ODE with high-frequency solution, a steady Helmholtz equation, a heat conduction problem in a complex domain, a time-dependent Burgers’ equation, and heat transfer problems. The results demonstrated that overlapping PINNs were able to achieve high accuracy with both spatial and temporal domain decomposition. Furthermore, in the ODE test problem, we showed that overlapping PINNs with rescaling were able to achieve better accuracy compared to the vanilla PINNs for problems with high-frequency solutions. Additionally, we implemented spatial-temporal parallel PINNs with an overlapping domain decomposition approach using the modern Pytorch distributed package, which enabled distributed training of PINNs on multiple GPUs. The overlapping PINNs achieved approximately 90% efficiency with up to 8 GPUs, as demonstrated by an inverse time-dependent heat transfer problem.
As shown in Sections Burgers Equation and 2D Heat Conduction, the present approach is flexible enough to handle subdomains of different sizes with complex geometry. In general, more residual points are needed in PINNs when solving equations with sharp gradients [12], as compared to equations with smooth solutions. In parallel computing, balancing the computational load among devices is of great importance for achieving good computational efficiency. Due to the flexibility of overlapping PINNs in handling subdomains of different sizes, we can use (1) small subdomains and dense residual points in PINNs at locations where the solutions may have sharp gradients, and (2) larger subdomains but coarse residual points in PINNs for parts that may have smooth solutions. In this way, it is easy to balance the computational cost in different subdomains/devices in order to obtain good parallel efficiency.
One of the most successful applications of PINNs is the flow field reconstruction given partial measurements on the velocity [28] or temperature field [29] from experiments. Currently, the training of PINNs for these real-world applications is time-consuming because (1) a large number of residual points are required in the spatial-temporal domain (three dimensions in space plus one dimension in time) to achieve good accuracy, and (2) the governing equations for fluid dynamics are highly nonlinear, e.g., the Navier–Stokes equations. Considering the great scalability of overlapping PINNs on multiple GPUs, the present framework shows promise in accelerating the training of PINNs for flow field reconstruction. In addition, the present approach can be easily adapted to accelerate the training of PINNs for problems with complex geometries, such as porous media flows [30, 31]. These interesting topics will be addressed in future studies.
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