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Delamination is a common failure mode in laminated composites, usually under I/II mixed-
mode loading. This paper incorporates the influence of mixed-mode ratio on the critical
distance in the fracture criterion based on the minimum strain energy density for
delamination failure in composites. Meanwhile, the impact of energy dissipation within
the fracture process zone on delamination failure is further considered, leading to an I/II
mixed-mode delamination fracture criterion applicable to orthotropic composites. With this
novel criterion, the theoretical predictions are in good agreement with experimental data for
both natural orthotropic materials and artificial laminated composites. Compared with the
traditional mixed-mode fracture criteria based on strain energy density, the new criterion
canmore accurately capture the experimentally observed “overshoot” phenomenon and is
closer to the actual failure situation.
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INTRODUCTION

Laminates composites are well-known for their exceptional mechanical properties, including high
specific stiffness, specific strength, and excellent energy absorption capability. Furthermore, their
design flexibility has led to the widespread application in various scenarios such as aerospace,
automotive, and sports equipment [1–6]. However, laminate composites may suffer from
delamination damage even failure within the internal structures when subjected to external
loads [7–9]. Due to the heterogeneity of composite materials, simulating mechanical behavior
becomes extremely intricate. Consequently, establishing a suitable fracture criterion from a
theoretical standpoint to predict the delamination failure of laminated composites is of
significant importance [10–12].

Loading under pure mode I, pure mode II, and mixed-mode of type I/II can all contribute to
delamination failure in laminated composites. For pure-mode delamination, the fracture criterion
can be easily established by comparing the energy release rate (ERR) with its fracture toughness, and
the methods for determining pure-mode fracture toughness have been relatively well-developed.
However, delamination failure occurs frequently under mixed-mode loading. Unlike pure mode, the
failure mechanism of mixed-mode fracture is relatively more complex [8, 12]. Numerous researchers
have proposed a variety of fracture criteria to predict the delamination failure of laminated
composites under I/II mixed-mode loading [10, 13–15], which typically require experimental
determination of certain material parameters. In 1965, Wu et al. [16] proposed a linear fracture
criterion and assumed that the ERR contributes linearly to the mixed-mode fracture toughness in
pure mode. Some researchers have adopted another approach, utilizing the stress field solution of
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cracks in orthotropic materials [17, 18] to extend the fracture
theories, which are traditionally applied to isotropic materials, to
orthotropic composite materials [12, 19–23]. Jernkvist [23]
extended several existing isotropic fracture theories, including
maximum strain energy release rate [19], minimum strain energy
density [22], and traditional maximum shear stress [24], to the
orthotropic cases, and established a criterion for predicting the
I/II mixed-mode fracture of orthotropic wood. However,
comparison with experimental data reveals that the criterion
proposed by Jernkvist is conservative. It is because that
Jernkvist did not consider the influence of fiber bridging
toughening (i.e., the energy dissipated by the fracture process
zone), which is now known as the FPZ effect [25].

In fact, many researchers have confirmed that the energy
dissipated by the fracture process zone (FPZ) has a significant
impact on the delamination failure of laminated composites [7,
26–33]. In recent studies, Daneshjoo et al. [25] extended the
minimum strain energy density theory to orthotropic
materials by considering the energy absorbed by the FPZ
and introducing the concept of damage factor, and
proposed a new I/II mixed-mode fracture criterion.
Mirsayar [31] proposed a stress/energy-based criterion to
predict the I/II mixed-mode fracture behavior of laminated
composites. This combined criterion considers the FPZ effect
by calculating the absorbed energy due to the fiber bridging
micromechanism and converting it into a defined effective
critical distance, and then calculates the maximum principal
stress around the crack tip to predict fracture occurrence.
Compared with other criteria, Mirsayar’s criterion shows a
higher correlation between the theoretical results and
experimental data. Nevertheless, both the criteria proposed
by Daneshjoo et al. [25] and Mirsayar [31] cannot capture the
unique “overshoot” phenomenon observed in the failure of
laminated composites. This “overshoot” phenomenon refers to
the fact that under I/II mixed-mode loading, the mode I

component GI of the energy release rate will increase and
exceed the critical value GIC with the appearance of a certain
amount of mode II component GII, and then gradually
decrease to zero as the mode II component GII increases,
which will result in an “overshoot” region in the predicted
curve [12, 34–36], as depicted in Figure 1.

Recently, Cao et al. [8] improved the traditional fracture
criteria, i.e., the maximum principal stress (MPS) criterion
[23] and the maximum shear stress (MSS) criterion [37] for
orthotropic materials by considering the influence of the mode
ratio on the critical distance, leading to the modified maximum
principal stress (M-MPS) criterion and the modified maximum
shear stress (M-MSS) criterion. The proposed criteria can predict
the delamination fracture behavior of laminated composites with
relatively high accuracy, and can capture the “overshoot”
phenomenon of some materials to a certain extent, but not all
materials. To discuss the “overshoot” behavior, Cao et al. [8]
proposed a dimensionless parameter characterizing the fracture
mechanism, namely, the fracture index, and discussed the
dependence of the “overshoot” phenomenon on the
fracture index.

From the above literature review, we may conclude that
although significant efforts have been made to derive the
mixed-mode fracture criteria of composite materials, their
ability to predict the fracture failure trend remains somewhat
limited. An effective mixed-mode failure criterion that can
properly consider the influence of critical distance and FPZ
toughening mechanism, and can well capture the overshoot
phenomenon, has not been developed yet.

This paper develops an improved minimum strain energy
density method for evaluating the delamination behavior of
orthotropic composite materials under mixed-mode (I/II)
loading. In Section Basic Formulations, we first briefly
outline the model of this study (Section A Crack in an
Orthotropic Material), and then elaborate on the stress field
at the crack tip of orthotropic materials (Section Stress Analysis
at the Crack Tip), laying the foundation for subsequent
theoretical analysis. In Section Fracture Criteria for
Laminated Composites, we review the classical fracture
criteria based on stress and strain energy density methods

FIGURE 1 | The overshoot phenomenon that has been observed
experimentally [12, 34–36].

FIGURE 2 | Composite laminate with cracks.
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(Section A Brief Review of Classical Fracture Criteria).
Subsequently, we introduce the first improvement to the
traditional minimum strain energy density method,
abandoning the assumption of constant critical distance and
considering the influence of mixed-mode ratio on the critical
fracture distance (Section The Improved Fracture Criterion).
Based on this, we further consider the effect of energy
dissipation in the FPZ on delamination failure, and finally
obtain an improved fracture criterion using the minimum
strain energy density method. In Section Results and
Discussion, we apply the new criterion to the prediction of
natural orthotropic materials—wood, and artificial laminated
composites, and compare it with existing experimental data as
well as the mixed-mode fracture criteria based on stress and
energy methods, respectively, verifying the accuracy and
superiority of the new criterion.

BASIC FORMULATIONS

A Crack in an Orthotropic Material
As shown in Figure 2, an orthotropic plate containing a sharp
notch (or an embedded crack) along the fiber layup direction is
subjected to an in-plane loading. We assume that the crack
opening stress is non-negative, thereby guaranteeing that the
crack surfaces remain open, and the crack will propagate in a self-
similar pattern, i.e., the crack will propagate in the original plane
without deviation [23, 38].

Stress Analysis at the Crack Tip
For a linear elastic orthotropic material, as depicted in Figure 2,
we consider a crack that extends and penetrates within the X1 −
X3 plane, that is, the normal of the crack face is parallel to theX2−
axis. The stress field around its crack tip can be expressed as [17,
18, 39]:

σ ij � 1���
2πr

√ KIfij θ( ) +KIIgij θ( )[ ], i, j � 1, 2( ) (1)

where the X1− axis of the Cartesian coordinate system is defined
along the fiber layup direction, r and θ are the polar coordinates,
KI and KII are the stress intensity factors of type I and II induced
by the external load, respectively, fij(θ) and gij(θ) depend on the
material properties of the orthotropic material:

f11 θ( ) � Re
x1x2 x2T2 − x1T1( )

x1 − x2
[ ], g11 θ( ) � Re

x2
2T2 − x2

1T1

x1 − x2
[ ]

f22 θ( ) � Re
x1T2 − x2T1

x1 − x2
[ ], g22 θ( ) � Re

T2 − T1

x1 − x2
[ ]

f12 θ( ) � Re
x1x2 T1 − T2( )

x1 − x2
[ ], g12 θ( ) � Re

x1T1 − x2T2

x1 − x2
[ ]

(2)
where

T1 � 1��������������
cos θ + x1 sin θ( )√ , T2 � 1��������������

cos θ + x2 sin θ( )√ (3)

x1, �x1 and x2, �x2 (an overbar indicates the conjugate) are the four
roots of the following characteristic equation:

A11x
4 − 2A16x

3 + 2A12 + A66( )x2 − 2A26x + A22 � 0 (4)
where the coefficients Aij are derived from the
constitutive relation:

ε11
ε22
ε33
γ23
γ31
γ12

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠ �

1/E1 −]21/E2 −]31/E3 0 0 0
−]12/E1 1/E2 −]32/E3 0 0 0
−]13/E1 −]23/E2 1/E3 0 0 0

0 0 0 1/G23 0 0
0 0 0 0 1/G31 0
0 0 0 0 0 1/G12

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

×

σ11

σ22

σ33

σ23

σ31

σ12

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝
⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠

(5)
For the case of plane-strain, A16 � A26 � 0 and the four

flexibility coefficients Aij need to be replaced by Aij
′ , which

are given by

Aij
′ � Aij − Ai3Aj3

A33
, i, j � 1, 2( ) (6)

FRACTURE CRITERIA FOR LAMINATED
COMPOSITES

A Brief Review of Classical Fracture Criteria
The experimental fracture criteria are derived by fitting the
experimental data of fracture toughness under different mixed-
mode ratios. While they are good at predicting mixed-mode
delamination of composites, extracting the parameters involved
in them is time consuming and costly. Due to the limitations of
experimental fracture criteria, numerous scholars have been
dedicated to the study of theoretical fracture criteria for
composites, which are mainly based on stress or energy.
Jernkvist [20, 23] proposed the maximum principal stress
(MPS) criterion, the maximum strain energy release rate
(MSERR) criterion, and the minimum strain energy density
(MSED) criterion for composite materials, based on the
assumption that delamination extends along the fiber
direction. Fakoor and Rafiee also proposed a fracture criterion
for composite materials based on the maximum shear stress
(MSS) [37]. Cao et al. [8] further proposed the modified
maximum principal stress (M-MPS) criterion and the
modified maximum shear stress (M-MSS) criterion in
consideration of the influence of mode ratio on the critical
distance. Similarly, Daneshjoo et al. [25] proposed a fracture
criterion based on the MSED method, which takes account of the
toughening effect of the fracture process zone (FPZ) by
introducing a damage factor associated with the fiber
bridging effect.
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Stress-Based Fracture Criteria
It is easy to see that the MPS around the crack tip shown in
Figure 2 is:

σmax � σ11 + σ22
2

( ) +
���������������
σ11 − σ22

2
( )2

+ σ212

√
(7)

Assume that the crack extends in a self-similar manner along
the fiber direction (θ � 0). Substituting Equation 1 into Equation
7, gives:

σmax � 1����
2πrp

√ β1KI +
����������
β2KI

2 +KII
2

√( ) (8)

where β1 � f11(0)+f22(0)
2 , β2 � [f11(0)−f22(0)

2 ]2.
According to the MPS criterion, when rp reaches the critical

distance rpc , the MPS σmax reaches the critical value σcr, and the
material will fracture, regardless of the loading type (I or II).
Within the framework of linear elastic fracture mechanics
without considering the fiber bridging effect, the critical
distance rpc mainly depends on the fracture toughness and
strength of the material [23, 25, 37].

Thus, the MPS fracture criterion for orthotropic materials is
obtained as follows [23]:

β1KI +
����������
β2KI

2 + KII
2

√( ) − β1 +
��
β2

√( )KIc � 0 (9)

Similarly, the MSS near the crack tip can be expressed as:

τmax �
���������������
σ11 − σ22

2
( )2

+ σ2
12

√
(10)

Setting θ � 0, and substituting Equation 1 into Equation 10,
we obtain:

τmax � 1����
2πrs

√
����������
β2KI

2 +KII
2

√( ) (11)

Similarly, according to the MSS criterion, when rs reaches the
critical distance rsc , theMSS τmax reaches the critical value τcr, and
either type I or II loading will result in fracture. Therefore, the
MSS fracture criterion for orthotropic materials is obtained as
follows [37]:

β2KI
2 + KII

2 − β2KIc
2 � 0 (12)

It can be seen from above that the traditional MPS criterion
and MSS criterion for orthotropic materials fail to take into
account the influence of mode ratio on fracture. In contrast,
the M-MPS criterion and M-MSS criterion are derived by
considering the influence of mode ratio on the
critical distance [8].

Assuming that rc depends on the mode ratio, and replacing rp

in Equation 8 with rp(2ψ), leads to:

σmax � 1��������
2πrp 2ψ( )√ β1KI +

����������
β2KI

2 +KII
2

√( ) (13)

where ψ is the mode mixing angle, whose value is determined by
KI and KII [8].

Following a similar derivation process to theMPS criterion, we
can obtain the M-MPS criterion applicable to orthotropic
materials as

β1KI +
����������
β2KI

2 +KII
2

√
�

�������������������������������
1

1

β1+
��
β2

√( )2

KIc
2
cos 2 2ψ( ) + 1

KIIc
2 sin 2 2ψ( )√√

(14)
Similarly, the M-MSS criterion can be derived as

β2KI
2 +KII

2 � 1
1

β2KIc
2 cos 2 2ψ( ) + 1

KIIc
2 sin 2 2ψ( ) (15)

For more details, the reader is referred to Ref. [8].

Energy Based Fracture Criterion
Sih [22] proposed that crack propagation may be predicted
based on the local strain energy density at the crack
tip. For a linear elastic orthotropic material as shown in
Figure 2, the strain energy density w around the crack tip
is expressed as

w � 1
2
σ ijεij (16)

Under the plane-strain assumption, substituting the relation
in Equation 5 into Equation 16 gives the following expression for
the strain energy density:

w � A11
′

2
σ2
11 +

A22
′

2
σ222 + A12

′ σ11σ22 + A66
′

2
σ2
12 (17)

Substituting the stress field near the crack tip in Equation 1
into Equation 17 yields:

w � K2
IB1 r, θ( ) +K2

IIB2 r, θ( ) + 2KIKIIB3 r, θ( ) (18)
where Bi(i � 1, 2, 3) are complex functions of r and θ, involving
the orthotropic material constants, as:

B1 r, θ( ) � 1
r

A11
′

4π
f2
11 θ( ) + A22

′

4π
f2
22 θ( ) + A12

′

2π
f11 θ( )f22 θ( ) + A66

′

4π
f2
12 θ( )[ ] ≡

1
r
D1 θ( )

B2 r, θ( ) � 1
r

A11
′

4π
g2
11 θ( ) + A22

′

4π
g2
22 θ( ) + A12

′

2π
g11 θ( )g22 θ( ) + A66

′

4π
g2
12 θ( )[ ] ≡

1
r
D2 θ( )

B3 r, θ( ) � 1
r

A11
′

4π
f11 θ( )g11 θ( ) + A22

′

4π
f22 θ( )g22 θ( ) + A12

′

4π
f11 θ( )g22 θ( )[{

+f22 θ( )g11 θ( )] + A66
′

4π
f12 θ( )g12 θ( )} ≡

1
r
D3 θ( ) (19)

The MSED theory states that:

(1) The crack propagates along the direction given by the local
minimum w of the angular coordinate θ in Figure 2, under
mixed-mode (I/II) loading:

∂w
∂θ

� 0 and
∂2w
∂θ2

> 0, at θ � θ0 (20)

Zhejiang University Press | Published by Frontiers April 2025 | Volume 3 | Article 143654

Chen et al. Aerospace Research Communications An Improved Fracture Criterion



(2) When the strain energy density w reaches a critical value wc

at a certain distance rc from the crack tip in the direction of
θ � θ0, the crack propagates.

It is important to emphasize that unlike the first point in the
MSED theory, we employ here an assumption similar to the stress
method as mentioned earlier, which assumes that the crack
extends along the fiber direction in a self-similar manner,
i.e., θ0 � 0. In Sih’s analysis, it is also assumed that the critical
distance rc � δ. Then, we have:

w r � δ, θ � 0( ) � A66
′ g2

12 0( )
4πδ

ρK2
I + K2

II( ) � wc (21)
where

ρ � A11
′ f2

11 0( ) + A22
′ f2

22 0( ) + 2A12
′ f11 0( )f22 0( )

A66
′ g2

12 0( ) (22)

Equation 21 should be valid for both pure type I loading and
pure type II loading. Thus, the following relationship between
type I fracture toughness and type II fracture toughness can
be obtained:

KIIc

KIc
� �

ρ
√

(23)

Using the relationship in Equation 21, the mixed-mode
fracture criterion in terms of stress intensity factors of type
I/II can be derived as:

K2
I +

1
ρ
K2

II −K2
Ic � 0 (24)

Based on this, Daneshjoo et al. [25] considered the case of
crack initiation angle θ0 ≠ 0 by defining a suitable damage factor,
and further took into account the energy absorbed in the FPZ. A
new fracture criterion is thus proposed as:

K2
I +

1
α
K2

II � K2
Ic (25)

where

α � B1 δ, θ0I( )
B2 δ, θ0II( ) −

B1 δ, θ0I( )
B2 δ, θ0II( )

KFPZI

KIc
( )2

+ KFPZII

KIc
( )2

(26)

where θ0I and θ0II are the crack initiation angles under pure
type I loading and pure type II loading respectively, which can
be calculated by Equation 20. That equation is nonlinear and
complex, and it is theoretically difficult to obtain the analytical
solution of θ0I or θ0II. In Daneshjoo et al. [25], the solutions of
θ0I and θ0II are obtained numerically with the given set of
material properties. KFPZI and KFPZII in Equation 26 are the
type I and type II stress intensity factors in the FPZ,
respectively.

The Improved Fracture Criterion
As can be seen from the discussions in the previous sub-
section, traditional and recent fracture criteria based on the
strain energy density generally do not consider the influence of
mode ratio on the critical distance rc for crack propagation.

However, the study of Cao et al. [8] shows that fracture damage
in orthotropic materials exhibits significant difference when
the mode ratio changes. Therefore, this study will incorporate
the influence of mode ratio on the critical distance rc into the
strain energy density method. To this end, we suggest the
following modifications to the expression for critical strain
energy density:

wc � 1
rc φ( ) K2

ID1 θ0( ) + K2
IID2 θ0( ) + 2KIKIID3 θ0( )[ ] (27)

whereDi(θ0) (i � 1, 2, 3) are defined in Equation 19. φ is defined
as the mixed-mode angle, which is determined byKI andKII, that
is φ � arctan( KII��

β2
√

KI
), 0≤ φ≤ π

2, β2 � [f11(0)−f22(0)
2 ]2.

Consider that the crack extends in a self-similar manner along
the fiber direction (θ0 � 0). Then, Equation 27 takes the
following forms for pure mode I and pure mode II fracture:

PureMode I → w � 1
rIc

K2
IcD1 0( ) � wc

PureMode II → w � 1
rIIc

K2
IIcD2 0( ) � wc

(28)

where rIc and rIIc are the critical distances for pure mode I and
pure mode II fracture, respectively. It is difficult to determine the
critical distance rc(φ) either experimentally or theoretically.
Following Cao et al. [8], we adopt the following expression for
estimation:

1
rc φ( ) � 1

rIc
cos 2 φ( ) + 1

rIIc
sin 2 φ( ) (29)

Equation 29 should be applicable to both pure mode I and
pure mode II fracture. From Equation 28, we can obtain:

rIIc
rIc

� K2
IIcD2 0( )

K2
IcD1 0( ) (30)

Furthermore, the following relationship holds under any
mixed mode ratio:

wc Any mode ratio( ) � 1
rc φ( ) K2

ID1 0( ) +K2
IID2 0( ) + 2KIKIID3 0( )[ ]

� 1
rIc
cos 2 φ( ) + 1

rIIc
sin 2 φ( )[ ]

× K2
ID1 0( ) + K2

IID2 0( ) + 2KIKIID3 0( )[ ]
� wc Pure Mode I( ) � 1

rIc
K2

IcD1 0( ) (31)

Substituting Equation 30 into the above equation, we obtain
after simplification the mixed fracture criterion based on the
strain energy density method, with the influence of mode ratio on
the critical distance rc:

D1 0( )K2
I +D2 0( )K2

II + 2D3 0( )KIKII � 1
cos 2 φ( )
D1 0( )K2

Ic
+ sin 2 φ( )

D2 0( )K2
IIc

(32)

In the derivation above, we treat the critical strain energy
density wc as an intrinsic material property and assume that all
the energy induced by loading confronts this property, regardless
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of the loading mode. However, in the case of delamination failure
in composite materials subjected to mixed mode I/II loading, an
FPZ forms near the delamination crack tip, which absorbs energy
to delay the fracture. Therefore, to incorporate the influence of
FPZ on fracture and establish a more accurate fracture criterion,
we introduce the strain energy density term wF of the FPZ,
as follows:

w � 1
rc φ( ) K2

ID1 0( ) +K2
IID2 0( ) + 2KIKIID3 0( )[ ]

� 1
rIc
cos 2 φ( ) + 1

rIIc
sin 2 φ( )[ ]

× K2
ID1 0( ) + K2

IID2 0( ) + 2KIKIID3 0( )[ ] � wc + wF

(33)
Similarly, for pure mode I fracture and pure mode II fracture,

Equation 33 takes the following form:

PureMode I → w � 1
rIc

K2
IcD1 0( ) � wc + wFI

PureMode II → w � 1
rIIc

K2
IIcD2 0( ) � wc + wFII

(34)

where wFI and wFII represent the strain energy density of FPZ in
pure mode I and pure mode II fracture, respectively, given by

wFI � D1 0( )
rIc

K2
FI

wFII � D2 0( )
rIIc

K2
FII

(35)

whereKFI andKFII represent the type I and type II stress intensity
factors at the FPZ, respectively. The energy of the FPZ is
considered to be the energy absorbed by fiber bridging and
microcracks, which is released through crack extension [25].
Therefore, the relationship between the stress intensity factor
and strain energy release rate for orthotropic materials under the
plane-strain condition can be used [17], which states:

KFI �
�����
E′
IGFI

√
, KFII �

������
EII
′ GFII

√
(36)

where GFI and GFII represent the type I and type II strain energy
release rates at the FPZ, respectively. E′

I and EII
′ are the generalized

elastic moduli, defined as [17, 25]:

E′
I �

A′11A′22
2

����
A′22
A11′

√
+ 2A′12 + A′66

2A11′
⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦−1

2

EII
′ � A′112

2

����
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A′11

√
+ 2A′12 + A′66

2A′11
⎛⎝ ⎞⎠⎡⎢⎢⎣ ⎤⎥⎥⎦−1

2

(37)

Due to the complexity of obtaining the strain energy at
fracture of FPZ under any load mode [26], there is no
analytical solution available in the literature. Here we
introduce an approximate estimation similar to Equation 29 as:

wF � D1 0( )K2
FI

rIc
cos 2 φ( ) + D2 0( )K2

FII

rIIc
sin 2 φ( ) (38)

By combining Equations 33, 34, 38, we obtain a mixed-mode
fracture criterion based on the strain energy density method that
comprehensively considers both the influence of the mode ratio
on the critical distance and the energy absorption in the FPZ:

D1 0( )K2
I +D2 0( )K2

II + 2D3 0( )KIKII

� K2
IcK

2
IIc − K2

IcK
2
FII cos

2 φ( ) − K2
IIcK

2
FI sin

2 φ( )
cos 2 φ( ) K2

IIc−K2
FII( )

D1 0( ) + sin 2 φ( ) K2
Ic−K2

FI( )
D2 0( )

(39)

It is evident that both the mixed fracture criteria proposed in
the present study, i.e., Equations 32, 39, satisfy the energy
constraint conditions for pure mode I fracture and pure mode
II fracture. If the influence of the FPZ is ignored, Equation 39will
be simplified to Equation 32.

RESULTS AND DISCUSSION

Existing Experimental Cases
To validate the effectiveness and accuracy of the two new I/II
mixed-mode fracture criteria (i.e., Equations 32, 39), we collect
five sets of material data commonly used for fracture criterion
validation. These data encompass the I/II mixed-mode fracture
characteristics of natural wood and artificial laminated
composites [20, 23, 40]. The basic performance or material
parameters of these materials are summarized in Table 1,

TABLE 1 | Material properties of orthotropic materials, obtained from Refs [20, 23, 40].

Material E11(GPa) E22(GPa) E33(GPa) G12(GPa) ν12 ν13 ν23 KIc(MPa ·m0.5) KIIc(MPa ·m0.5)

Norway spruce 11.84 0.81 0.64 0.63 0.38 0.56 0.34 0.58 1.52
Scots pine 16.30 1.10 0.57 1.74 0.47 0.45 0.31 0.49 1.32
AS4/PEEK 129.00 10.10 10.10 5.50 0.32 0.32 0.47 3.44 7.46
AS4/3501-6 132.00 9.70 9.70 5.90 0.28 0.28 0.52 1.12 5.72
IM7/977-2 143.00 9.20 9.20 4.80 0.30 0.30 0.50 1.98 8.23

TABLE 2 | Supplementary material parameters, obtained from Refs [25, 40–49].

Material GFI(KJ/m2) GFII(KJ/m2)

Norway spruce 0.117 0.277
Scots pine 0.153 0.278
AS4/PEEK 0.655 1.09
AS4/3501-6 0.0561 0.602
IM7/977-2 0.324 1.45
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which provides the necessary information to extract the
coefficients required in Equation 32. As for the validation of
Equation 39, two additional parameters are needed, namely,
the values of energy GF absorbed by the material in the FPZ
under pure I-type and pure II-type modes. Table 2
supplements the relevant parameters of five sets of materials
[25, 40–49]. Next, we will compare the newly proposed
fracture criteria with the stress-based and strain energy
density-based fracture criteria discussed in Section Fracture
Criteria for Laminated Composites.

Comparison and Discussion
Comparative analysis mainly includes the following two parts:

(A) Comparison with fracture criteria based on the stress
method. We will compare our criteria with the modified
fracture criteria proposed by Cao et al. [8], namely M-MPS
(Equation 14) and M-MSS (Equation 15).

(B) Comparison with fracture criteria based on the strain energy
density (SED) method. We will make a comparison with the
traditional strain energy density criterion proposed by Sih
[22] (Equation 24) and the one considering the influence of
the FPZ proposed by Daneshjoo et al. [25] (Equation 25).

By comparing different fracture criteria with the experimental
results for orthotropic composite materials reported in the
literature, we are able to validate the newly proposed fracture

FIGURE 3 | Comparison between our fracture criteria and different stress-based fracture criteria. Experimental data from Refs. [20, 23] are also presented.
(a) Norway spruce; (b) Scots pine.

FIGURE 4 | Comparison between our fracture criteria and different SED-based fracture criteria. Experimental data from Refs. [20, 23] are also presented.
(a) Norway spruce; (b) Scots pine.
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criteria (Equations 32, 39), as to be discussed in depth in
the following.

The first set of experimental data comes from wood, namely,
Norway spruce and Scots pine, with the three orthogonal
principal axes being in the radial, tangential, and longitudinal
directions, respectively. Jernkvist [23] provided a set of
experimental data for the mixed I/II type fracture toughness
for these two types of wood, which were obtained by testing
specimens with cracks along the wood fiber direction. The
comparisons with different stress-based fracture criteria and
SED-based fracture criteria are shown in Figures 3, 4,
respectively.

The results show that the two newly proposed fracture criteria
(Equations 32, 39) provide the most accurate fracture curves for
both types of wood. In contrast, the M-MSS fracture criterion
based on the stress method presents a slight deviation, while the
M-MPS fracture criterion predicts a significant conservative bias.
In the fracture criteria based on the SED method, the traditional

fracture criterion (Equation 24) predicts a very conservative
curve, while that with the FPZ effect (Equation 25) also
shows a slight deviation. These findings further confirm the
effectiveness and accuracy of the newly proposed fracture
criteria in predicting the fracture behavior of orthotropic
composite materials.

The second set of experimental data is from the mixed-mode
delamination experiments conducted by Reeder [40] on three
unidirectional laminated composite systems: IM7/977-2 carbon
fiber/epoxy composite, AS4/3501-6 carbon fiber/epoxy
composite, and AS4/PEEK graphite fiber/thermoplastic
composite. The energy absorbed by the FPZ involved in these
experiments is provided by Ref. [40], see Table 2. Figures 5, 6
show the comparisons of these experimental results with different
stress-based fracture criteria and SED based fracture criteria,
respectively.

The comparative results indicate that the novel fracture
criterion proposed in Equation 39 provides the most accurate

FIGURE 5 | Comparison between our fracture criteria and different stress-based fracture criteria. Experimental data from Ref. [40] are also presented.
(a) IM7/977-2; (b) AS4/3501-6; (c) AS4/PEEK.
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fracture curve. In contrast, the M-MPS criterion (Equation 14),
the M-MSS criterion (Equation 15), and the criterion with the
FPZ effect (Equation 25) all exhibit conservative trend in
predicting the fracture behavior of IM7/977-2 composite
materials or AS4/3501-6 composite materials. Especially, the
M-MPS criterion (Equation 14) is overly conservative in
predicting the fracture of AS4/PEEK composite materials.
Meanwhile, the M-MSS criterion (Equation 15) and the
criterion with the FPZ effect (Equation 25) are relatively
accurate when predicting the fracture performance of AS4/
PEEK composite materials.

Furthermore, it is evident from Figure 6 that the traditional
SED criterion (Equation 24) is overly conservative in predicting
the fracture behavior of these three composite materials,
especially when mode II dominates. The improved fracture
criterion in Equation 32 considers the influence of mixed-
mode ratio on the critical distance, resulting in a significant
improvement in prediction accuracy, but it remains conservative.

This is just because the first improved criterion (Equation 32)
does not account for the energy absorbed by fiber bridging during
the fracture process of the composite material, i.e., the energy
dissipated in the FPZ. The second improved criterion (Equation
39) that considers the FPZ effect provides a prediction closer to
the actual mixed-mode fracture behavior of the
composite material.

It is noteworthy that all three composite materials displayed in
Figures 5, 6 exhibit an “overshoot” phenomenon in the mixed-
mode fracture, i.e., when Mode I dominates, the Mode I
component KI of the stress intensity factor significantly
exceeds its critical value KIc. This phenomenon is particularly
pronounced in IM7/977-2 and AS4/3501-6 composites. Cao et al.
[8] introduced the concept of fracture index and pointed out that
the “overshoot” phenomenon is strongly correlated with the
fracture index, which becomes more pronounced as the
fracture index increases. However, the specific intrinsic
mechanism of the “overshoot” phenomenon still needs further

FIGURE 6 |Comparison between our fracture criteria and different SED-based fracture criteria. Experimental data from Ref. [40] are also presented. (a) IM7/977-2;
(b) AS4/3501-6; (c) AS4/PEEK.
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investigation. Obviously, among the existing criteria, only the
M-MPS criterion (Equation 14) can slightly capture the
“overshoot” phenomenon of AS4/3501-6 composite. While the
newly proposed improved criterion (Equation 39) can effectively
capture the “overshoot” phenomenon of all three materials.

CONCLUSION

This article proposes a mixed I/II type delamination fracture
criterion suitable for orthotropic composite materials, which is
based on the minimum strain energy density method. We
abandon the assumption of constant critical distance in the
traditional method and instead consider the influence of the
mixed mode ratio on the critical distance at the time of fracture.
Based on this first improvement, the second improvement further
abandons the traditional view that the energy absorbed by the
composite material during delamination fracture is completely
used for delamination extension. We therefore incorporate the
influence of the energy dissipated in the fracture process zone
(FPZ) into delamination fracture analysis. Compared with the
previously proposed mixed-mode fracture criteria, the main
advantage of this improvement is that it takes into account the
situation that are more aligned with real-world scenarios,
providing predictive results that are closer to the actual
fracture behavior of composite materials.

By applying the newly proposed criteria to natural orthotropic
materials (wood) and artificial laminated composites, and
comparing them with the existing experimental data and the
mixed-mode fracture criteria based on stress and energymethods,
we find that the predictions of the second improved criterion
agree well with the experimental data, and can effectively capture
the “overshoot” phenomenon, thus verifying the advantages and
accuracy of this new criterion.

Despite the success of the criterion in Equation 39 as
mentioned above, there are still many uncertainties in the
delamination failure of composites, and this newly proposed
criterion needs to be validated in a wider range of experiments.
Further research is especially necessary on the intrinsic mechanism
of delamination failure of composite materials, so that the effects of
fracture critical distance, FPZ, crack initiation angle, etc. all can be
considered more accurately and realistically.
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